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Geometric Background

#® Description of object by "coordinates”;
"geometric properties"” are "invariants" under a groupaati
e.g. translations/rotations.
described by "invariant functions" e.g.
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Geometric Background

Geometric space describedatfine variety
Vi=i{x= (21, ,2y) €C"[ i(x) = - -+ = fi(x) = 0},
with f; € C[ X4, -+, X,,].

Ring of polynomial functions oiV:
A :=C[X]/(f1, -, fm), "affine algebra’



Geometric Background

Vi={x=(21,---,2,) € C"| i(x) = --- = fm(x) = 0},
A :=C[X]/(f1, -, fm), "affine algebra’

® A ={acA|lga=aog!=ua, Vgec G}.
Ring of invariants under transformation groGp
Invariants "measure geometric properties".
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Geometric Background

#® Algebraic Geometrydual point of view
xeVe (X;—x; li=1,---,n) <A maximal ideal
V := max — spec(A)
Geometric objects:
max — spec(A®) = V//G, "categorical quotient".
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Geometric Setup

A := affine algebra over fiell = F;
V := max — spec A, corresponding affine variety;
G group of automorphisms oA with

ring of invariants A“ .= {a € A | g(a) =aV g € G}.
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A := affine algebra over fiell = F;
V := max — spec A, corresponding affine variety;

G group of automorphisms oA with
ring of invariants A“ .= {a € A | g(a) =aV g € G}.
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Geometric Setup

A := affine algebra over fiell = F;
V := max — spec A, corresponding affine variety;
G group of automorphisms oA with
ring of invariants A“ .= {a € A|g(a) =aV g € G}.
When isV//G := max — spec A an affine variety?

Necessary condition:
AC finitely generated overT.
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Hilbert’'s 14’ th problem

In caselF = C andG < Gl1,(C) this was
posed byHilbert (1'st It'l Congress, Paris 1900).
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Hilbert’'s 14’ th problem

In caselF = C andG < Gl1,(C) this was
posed byHilbert (1'st It'l Congress, Paris 1900).

#® Answerno in general:
(1958) Nagata (counter example< (C*)™).

nvariant Theorv

of Einite Groups

—n. 8/7
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In caselF = C andG < Gl1,(C) this was
posed byHilbert (1'st It'l Congress, Paris 1900).

#® Answerno in general:
(1958) Nagata (counter example< (C*)™).

#® Answeryes In important special cases
- ‘linear reductive groups’ e.g1,,(C), SL,(C) ...
(Cayley, Sylvester, Gordan, Hilbert, Weyl.)

- finite groups/JF arbitrary (Emmy Noether (1926))
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Hilbert’'s 14’ th problem

In caselF = C andG < Gl1,(C) this was
posed byHilbert (1'st It'l Congress, Paris 1900).

#® Answerno in general:
(1958) Nagata (counter example< (C*)™).

#® Answeryes In important special cases
- ‘linear reductive groups’ e.g1,,(C), SL,(C) ...
(Cayley, Sylvester, Gordan, Hilbert, Weyl.)

- finite groups/JF arbitrary (Emmy Noether (1926))

Theorem .

If G is finite, thenAY is finitely generated and the categorical
guotient is in bijection with the orbit space.

V/G=V//G.
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Notation

From now on always: ( finite group

V' a finite dimensional' G - module,

V* dual module with basis, - - -, z,,

A =Sym((V*) = Flxy,---,x,] = F|V], polynomial ring;

A% :={ac Al g(a) =a, Vg € G}, (Ny — graded)

ring of polynomial invariants
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Notation

From now on always: ( finite group

V' a finite dimensional' G - module,

V* dual module with basis, - - -, z,,

A =Sym((V*) = Flxy,---,x,] = F|V], polynomial ring;

A% :={ac Al g(a) =a, Vg € G}, (Ny — graded)
ring of polynomial invariants
# |eft/ right - action:

g-a:=a-g "
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Examples

Symmetric polynomials:
G = X, permuting the variables,, - - -, x,,,

A% =T[eq,-- -, e,], polynomial ring
generated by elementary symmetric functions

€; — E : Lj1Ljg ==Ly,

1<71<g2<-<g:<n
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Examples

Symmetric polynomials:
G = X, permuting the variables,, - - -, x,,,

A% =T[eq,-- -, e,], polynomial ring
generated by elementary symmetric functions

€; — E : Lj1Ljg ==Ly,

1<y1<g2<-<g:,<n
G = (g) 27y, A:=R[X,Y]with g(X) = - X, ¢g(Y) =Y.
AY =R[X?, Y2 XY 2FI[S,T,U]/(ST — U?).

Not a polynomial ring! (Why?)
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Examples

Symmetric polynomials:
G = X, permuting the variables,, - - -, x,,,

A% =T[eq,-- -, e,], polynomial ring
generated by elementary symmetric functions

€; = Z Lji gy ==Ly
1<y1<g2<-<g:,<n
G = (g) 27y, A:=R[X,Y]with g(X) = - X, ¢g(Y) =Y.
AY =R[X?, Y2 XY 2FI[S,T,U]/(ST — U?).

Not a polynomial ring! (Why?)X?Y? = (XY')?

non - unique factorization with irreduciblég?, Y? and XY in
R[X, Y]C.

HenceA% is not a UFD.
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Examples

Symmetric polynomials:
G = X, permuting the variables,, - - -, x,,,

A% =T[eq,-- -, e,], polynomial ring
generated by elementary symmetric functions

€; = Z Lji gy ==Ly
1<y1<g2<-<g:,<n
G = (g) 27y, A:=R[X,Y]with g(X) = - X, ¢g(Y) =Y.
AY =R[X?, Y2 XY 2FI[S,T,U]/(ST — U?).

Not a polynomial ring! (Why?)X?Y? = (XY')?

However Let‘P := R[X?,Y?], thenA® =B - 1o P - XY,
free of rank2 over polynomial ringps.
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Noether’s normalization theorem

Let R beN,-graded affine algebra, witR, = I (e.g. R = A%).
Forh,,---,hg € RT homogeneousf.a.e.:
1. dimg (R/(hy,---, hq)R) < co with d minimal;

2. P =T|hy,---, hg] is polynomial subring, such that thedule
pl2 1s finitely generated.
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Noether’s normalization theorem

Let R beN,-graded withR, = F (e.g. R = A®).
Forhy,---,hg € RT homogeneousf.a.e.:

1. dimg (R/(hy,- -, hq)R) < oo with d minimal;

2. P =T|hy,-- -, hg] is polynomial subring, such that thedule
w2 Is finitely generated.

In this case{hq,- - -, hq} form a
homogeneous system of parameters (hsop).
d := Krull-dimension of R (Dim(R)).
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Noether’s normalization theorem

Let R beN,-graded withR, = F (e.g. R = A®).
Forhy,---,hg € RT homogeneousf.a.e.:
1. dimg (R/(hy,- -, hq)R) < oo with d minimal;

2. P =T|hy,-- -, hg] is polynomial subring, such that thedule
w2 Is finitely generated.

In this case{hq,- - -, hq} form a
homogeneous system of parameters (hsop).
d := Krull-dimension of R (Dim(R)).

If R = (51,589, -+, Sk)p, then

® primary generators. hq,- -, hy.

® secondary generators: Sy, -+, Sk.
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General Questions

. Constructive Complexitpf A¢

generators and relations for algebta
(fundamental systems of invariants)
degree bounds (for generators and/or relations)

nvariant Theorv of Finite Grouns — p. 18/2



General Questions

. Constructive Complexitpf A¢

generators and relations for algebta
(fundamental systems of invariants)
degree bounds (for generators and/or relations)

Il. Structural complexitypf A¢

when isA% polynomial ring?

distance ofA“ from being a polynomial ring
distance ofA“ from being free as module over hsop
cohomological co - dimensiontepth(A%)
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General Questions

. Constructive Complexitpf A¢

generators and relations for algebta
(fundamental systems of invariants)
degree bounds (for generators and/or relations)

Il. Structural complexitypf A¢

when isA% polynomial ring?

distance ofA“ from being a polynomial ring
distance ofA“ from being free as module over hsop
cohomological co - dimensiontepth(A%)

As In representation theory:

char F /|G| <= non — modular case;
char F | |G| <= modular case.
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Noether’stheorem

Theorem (Emmy Noether (1926)): If is a finite group, them® is
a finitely generated'-algebra.

Proof:
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Noether’stheorem

Theorem (Emmy Noether (1926)): If is a finite group, them® is
a finitely generated'-algebra.

Proof:
Let A :=F|xy,...,24] and|G| = n.Fori =1,... d set
Ji = ngG(T —gz;) =T" + Z?:_ol b¢,£T£ e AC[T).
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a finitely generated'-algebra.
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fi = Tl,ec(T — gz:) =T + >, biT" € AC[T].
DefineB :=Fb,,|i=1,...,d, £=0,...,n—1].
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® B is anoetheriafl - algebra (Hilbert's theorem)
B < As finite integral extension,;

A= <Hf:1 x| m; < n)p (sincef;(x;) = 0);
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Noether’stheorem

Theorem (Emmy Noether (1926)): If is a finite group, them® is
a finitely generated'-algebra.

Proof:
Let A :=F|xy,...,24] and|G| = n.Fori =1,... d set
fi = Tl,ec(T — gz:) =T + >, biT" € AC[T].
DefineB :=Fb,,|i=1,...,d, £=0,...,n—1].
® B is anoetheriafl - algebra (Hilbert's theorem)
B < As finite integral extension,;
A= ], 2™ | m; < n)p (sincef;(z;) = 0);
= gA Is a finitely generated, so a noetherianr module;
#® submodules of noetherian modules are finitely generated,

A% < pA, hence a finitely generatds-module.
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Remar ks on Noether’stheorem

® The subringB of A“ is generated by the coefficierits, of the
polynomials

(T — g1 (@))(T = g2(1)) - . . (T = gu(:)) € A[T]
having degrees less or equal|€d, and

A= (b2l 2| b < max(2,|G))) 5.
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Remar ks on Noether’stheorem

® The subringB of A“ is generated by the coefficierits, of the
polynomials

(T = 1(z))(T = g2(22)) ... (T — gu(:)) € A°[T]
having degrees less or equal|€d, and
A= (b2l 2| b < max(2,|G))) 5.
® We knowA® = (ay, -, a,,)s With a; € A%, so

AY =F[bigas|i=1,....d, £=0,...,9,—1, s=1,...,m]

but the previous argumenti® not tell ushow to construct the
module-generators aq, . . ., a,,.
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Remar ks on Noether’stheorem

SupposeG| € F*. Then theransfer map

tr:A—>AG,a|—>Zg(a)

geG

is a surjective homomorphism ef“ - modules.
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Remar ks on Noether’stheorem

SupposeG| € F*. Then theransfer map

tr:A—>AG,an—>Zg(a)

geG

is a surjective homomorphism ef“ - modules.
A= (abah 2% | b < max(2,|G|))s. =

AC = (tr(2b 2% . ab) | b < max(2,|G)), Zbi > 0)g =
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Remar ks on Noether’stheorem

SupposeG| € F*. Then theransfer map

tr:A—>AG,al—>Zg(a)

geG

is a surjective homomorphism ef“ - modules.
A= (abah 2% | b < max(2,|G|))s. =

AC = (tr(2b 2% . ab) | b < max(2,|G)), Zbi > 0)g =

AC =F|[B, tr(aVa . .. wgd) | b; < max(2,|G|) | =

A% can be generated in degreesnax{|G|,d - (|G| — 1)}.

nvariant Theorv of Finite Grouns
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Constructive Aspects

Definition : (Degree bounds, Noether - number)

B(AY) := min{k | A® generated in degree < k} < oo
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Constructive Aspects

Definition : (Degree bounds, Noether - number)

B(AY) := min{k | A® generated in degree < k} < oo

Theorem (Emmy Noether (1916)): Ihar F = 0, then

B(AY) < |GJ; (Noether bound)
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Constructive Aspects

Definition : (Degree bounds, Noether - number)

B(AY) := min{k | A® generated in degree < k} < oo

Theorem (Emmy Noether (1916)): Ihar F = 0, then
B(AY) < |GJ; (Noether bound)

¥ - the Noether bound does not hold:ifar F divides|G|.

- Noether’s proofs do not work fathar F /|G| in general
("Noether gap").

- Generalization tehar F [ |G

, (FIl.,Fogarty,(1999)).
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Constructive Aspects

char IF appears in two places:
® surjectivity oftransfer map

tr: A — A% : a%Zg(a)

geG
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Constructive Aspects

char IF appears in two places:
® surjectivity oftransfer map

tr: A — A% : a%Zg(a)

geG
o combinatorics to reduce degrees eg.:
T o (_1>m Z (_1)|I|(Z$_)m
1 m ' )
IC{1,...m} el
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Constructive Aspects

Modular counter example to Noether bound:
G=2%,A=Flx1,....¢6, Y1, -, Yk
qg . T; — 1Y;, \V/Z:L,k

R T A S TN V%

indecomposable id“ (Exercise(!).
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Constructive Aspects

Modular counter example to Noether bound:
G=2%,A=Flx1,....¢6, Y1, -, Yk
qg . T; — 1Y;, \V/Z:L,k

X:=(x1...0p)" :==21... X+ Y1 Yi;

indecomposable id“ (Exercise(!).
= B(A%) > k +— oo.

Theorem (Richman): Ip = char(FF) divides|G|, then
Or(G) = oo, i.e. VN € N 3 k with

B(Flzy,- -, 21]9) > N.
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