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Introduction

The transfer (or trace) is an F[V]“-module homomorphism
tr: F[V] — F[V]¢

fe D) ()

TelG

For f € F[V]®, clearly tr(f) = |G|f. If |G| is invertible in IF, define
a Reynolds operator

R = |G| tr
which gives an F[V]“-module splitting

F[V] = F[V]® @ ker(R).
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For a homogeneous system of parameters {h; ..., h,} C F[V]¢,
define A:=TFlhy..., h,] and J := (hy,..., h,)F[V].

F[V]% is Cohen-Macaulay (CM) iff it is a free A-module.

Since polynomial rings are CM, F[V] is a free A-module.

Thus F[V]¢ is projective.

However projective implies free for modules over a polynomial ring.

Theorem (Hochster & Eagon, 1971)
If |G| is invertible in IF, then F[V]“ is Cohen-Macaulay.

Computing a Grobner basis for J gives a basis B for F|V] as a free
A-module: take B to be the set of monomials not divisible by the
lead monomial of an element from J. Then F[V]“ is generated by

(hi, ...k} U{R(a) | a € B).
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If ' has characteristic p with p dividing |G
then V' is called a modular representation.

Modular invariant theory: the study of F[V]¢ with V' modular.

In the modular case, IF[V]G is often not Cohen-Macaulay and,
while algorithms for constructing generating sets are known
(Kemper 1996), the calculations can be slow and memory intensive.
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Links with Algebraic Topology and Group Cohomology

For a topological space X, the cohomology H*(X,F,) is a graded
[F, - algebra and a module over the Steenrod algebra A,

H*(X,F,) is an object in the category IC, of unstable .A,-algebras.

If G acts on X by homeomorphisms then there is an induced
action of G on H*(X,F,) by IC)-morphisms

and the ring of invariants H*(X,F,)“ is a KC,- object.
What can we say about H*(X,F,)“ ?



For a topological group G (for finite G use the discrete topology) we
can construct a universal principal GG-bundle

G — EG - BG.



For a topological group G (for finite G use the discrete topology) we
can construct a universal principal GG-bundle

G — EG - BG.

For a continuous f : Y — BG the pullback of 7 is the principal

G-bundle
G — X @ Y
with
X ={(y,e) €Y x EG | f(y) = 7(e)}.



For a topological group G (for finite G use the discrete topology) we
can construct a universal principal GG-bundle

G — EG - BG.

For a continuous f : Y — BG the pullback of 7 is the principal
G-bundle

G%X@Y

with
X :={ly,e) €Y x EG | f(y) =7(e)}.

Numerable principal GG-bundles over Y are classified by the homotopy
type of maps Y — BG.



For a topological group G (for finite G use the discrete topology) we
can construct a universal principal GG-bundle

G — EG - BG.

For a continuous f : Y — BG the pullback of 7 is the principal
G-bundle

G%X@Y

with
X ={(y,e) e Y X EG | f(y) =7(e)}.
Numerable principal GG-bundles over Y are classified by the homotopy

type of maps Y — BG.

If G' has the homotopy type of a CW complex then E'GG is contractible
with a free G-action.



For a topological group G (for finite G use the discrete topology) we
can construct a universal principal GG-bundle

G — EG - BG.

For a continuous f : Y — BG the pullback of 7 is the principal

G-bundle )
G —- X M Y

with
X ={(y,e) e Y X EG | f(y) =7(e)}.
Numerable principal GG-bundles over Y are classified by the homotopy

type of maps Y — BG.

If G' has the homotopy type of a CW complex then E'GG is contractible
with a free G-action.

The classifying space BG is the orbit space EG/G.
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Example: For G = S c C,
ESt = 8% = lim §*"!
and BS! = CP>™ = lim CP".

H*(CP> F,) = F,[z| with deg(x) = 2.

For a rank r torus T, = S* x --- x S' we have BT, = (BS')" and
H*(BT,,F,) =F,|z1,..., ]

Since GL,.(F,) actson F[z1, . .., z,| by K,)- morphisms, F,[z1, ..., z, |/

is a ICp-object for any H < GL,.(F,).

Dwyer-Miller-Wilkerson: For odd p, X suitably nice with H*(X,F,)

a noetherian normal integral domain of transcendence degree n over

[F,, then for some H < GL,(F,),
H*(X,F,) =~ H*(BT,,F,)".
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For a connected compact Lie group K, choose a maximal torus 7.

The Weyl group W = NT'/T acts on T giving an induced action on
BT and H*(BT,F,) =F,)|z1,...,z,].

If p does not divide |IW/| then

e I*(BK,F,) = H*(BT,F,)";
o H*(BT, IFp)W is a polynomial ring, say F,|c1, -+, ¢c/l;

e H*(K,F,) is an exterior algebra A,(c; ..., ¢ ) with generators in
degrees deg(¢;) = deg(c¢;) — 1;

e For a principal K-bundle over Y with classifying map
f Y — BK, the characteristic classes are f*(¢;).

In the modular case, we have a map

H*(BG,F,) — H*(BT,F,)"V ¢ H*(BT,F,).
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For finite (G,
H*(BG,F,) = ExtF oF,,F,) = H"(G,F)).

For H < G, define W(H) := Nq(H)/H.

Then W(H) acts on H*(H,F,) and the restriction, the map induced
by inclusion, factors:

H*(G,F,) — H*(H,F,)""

Let P denote a Sylow p-subgroup of GG. If P is abelian then
H*(G,F,) = H*(P,F,)""),



Example: G = 7Z/2 acts by the antipodal map on 5", giving
EZ/2 = S =lim 5"

and

BZ/2 = RP® = limRP".



Example: G = 7Z/2 acts by the antipodal map on 5", giving
EZ/2 = S =lim 5"

and

BZ/2 = RP® = limRP".

H*(RP> Fy) = Fylz] with deg(z) = 1.



Example: G = 7Z/2 acts by the antipodal map on 5", giving
EZ/2 = S =lim 5"
and
BZ/2 = RP> =limRP".
H*(RP> Fy) = Fylz] with deg(z) = 1.

For a rank r elementary abelian 2-group we have B(Z/2)" = (RP>)"

and
H*<(Z/2>T, F2> — Fg[xl, “e ,ZCT].



Example: G = 7Z/2 acts by the antipodal map on 5", giving
EZ/2 = S =lim 5"
and
BZ/2 = RP> =limRP".
H*(RP> Fy) = Fylz] with deg(z) = 1.

For a rank r elementary abelian 2-group we have B(Z/2)" = (RP>)"

and
H*<(Z/2>T, F2> — Fg[xl, “e ,ZCT].

Analogous constructions for odd primes gives

H*((Z/p)" ,F,) = Np(x1, ..., 2p) @ Fplyr, ...,y
with y; = B(z;), where (3 is the Bockstein operation.
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isomorphic to (Z/2)* with Ay/P = 7./3.

Thus
H*<A4, Fg) = IFQ[LIZ, y]Z/S.
By an appropriate choice of basis, the action of the generator, say o,

can be taken to be (x)o =y and (y)o =z + y.

It is easy to verify that by = 2 + zy + %, hy = 2%y + 2y?, and
J = T3 + :Uy2 + y3 are invariant.

Exercise: Prove {hi, ho, f} is a generating set for H*( Ay, Fy).

Compute the relation.
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Example: H*(¥4,Fy) (Adem & Milgram Ch. VI)

Denote Fy =< (12),(34) >, Ey =< (12)(34), (14)(23) > and
E = E1 M EQ =< (12)(34) >,

Then N1 = N(E1>/E1 = Z/Q and
N2 = N(EQ)/EQ = 23 = GLQ(]FQ)

Restriction gives
H*(Sy,Fy) — H*(Ey,Fo)M @ H*(E», Fy)™

and

H*(Ey,F2) & H*(E,,Fo) —— H*(E,Fy) = Folz].

@ is injective and the image of ¢ lies in the kernel of p.

We need to compute the modular invariant rings

H*<E1>Nl — Fg[iﬁl, yl]Z/Q and H*(EQ)NQ = FQ[.CUQ, yQ]GLQ(FQ).
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Fylz1, y1]%/? is generated by e; = 21 + 41 and ey = 191

Fy|xo, yQ]GLQ(FQ) is generated by dy = x5 + x9y0 + 5 and

d3 = x%yg + 5629%-



212 is generated by e; = x1 + y; and ey = z1y;.

GLo(IF9)

]FQ[ZED yl]

Folxo, o] is generated by dy = x5 + xoys + 5 and
d3 = w3y + T2ys.

A little calculation gives p(x1) = 2z, p(y1) = 2z, p(xs) = z and
ply2) = 0.
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Folxo, 1o is generated by dy = x5 + x9y0 + 5 and

d3 = w3y + T2ys.

A little calculation gives p(x1) = 2z, p(y1) = 2z, p(xs) = z and
ply2) = 0.
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Z/2 s generated by e; = 21 + y; and ey = x1y;.

GLo(IF9)

Folwy, v
Folxo, o] is generated by dy = x5 + x9y0 + 5 and

d3 = w3y + T2ys.

A little calculation gives p(x1) = 2z, p(y1) = 2z, p(xs) = z and
ply2) = 0.

Thus p(e1) = 0, p(e2) = 2°, p(dy) = 2°, and p(d3) = 0.

H* (34, F) is generated by elements fi, fo and f3 with ¢(f1) = e,
o(f2) = ea + do, and ¢(f3) = d3, subject to the relation f;f; = 0.



