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Recall from Week 3

V finite dimensionalF - vector space,G ≤ GL(V ) finite;

A := F[V ] = Sym(V ∗) ∼= F[x1, · · · , xn], polynomial ring;

AG := {a ∈ A | g(a) = a, ∀g ∈ G}, (N0 − graded)

Theorem(Chevalley-Shephard-Todd):
Consider the following statements:

1. AGA is free.

2. AG is a polynomial ring.

3. G ≤ GL(V ) is generated by pseudo-reflections.

Then the following implications hold: 1.⇐⇒ 2. ⇒ 3.
If |G| ∈ F

∗ then: 1.⇐⇒ 2. ⇐⇒ 3.
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Modular Counterexample

Let F := Fp[ε] with εp − ε = 1 and defineG := 〈r1, r2, r3〉 with

r1 :=











1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1











, r2 :=











1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1











and

r3 :=











1 0 0 1

0 1 0 0

0 0 1 ε

0 0 0 1











,

ThenF[F4]G is not a polynomial ring.

(Example due to H.E.A. Campbell and D. Wehlau)
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Exercises

1 LetR be a normal integral domain andG ≤ Aut(R). ThenRG is

also a normal integral domain.

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.

3 Show that the following are equivalent:

(a) AG is a polynomial ring.

(b) There is an hsop{h1, · · · , hn} of AG with |G| =
∏n

i=1 deg hi.

In particularAG = F[h1, · · · , hn] implies |G| =
∏n

i=1 deg hi.
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Exercises

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(Hint: Use normal basis theorem from Galois theory, Maschke’s

theorem from representation theory and use the fact that forfinite

dimensionalX,Y ∈ FG − mod and any field extensionS ≥ F

S ⊗F X ∼= S ⊗F Y

asSG-modules⇐⇒ X ∼= Y asFG-modules.)
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Exercise 1

1 LetR be a normal integral domain andG ≤ Aut(R). ThenRG is

also a normal integral domain.
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Exercise 1

1 LetR be a normal integral domain andG ≤ Aut(R). ThenRG is

also a normal integral domain.

Solution: Show thatRG is integrally closed inQuot(RG):
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Exercise 1

1 LetR be a normal integral domain andG ≤ Aut(R). ThenRG is

also a normal integral domain.

Solution: Show thatRG is integrally closed inQuot(RG):

Let x = f/g ∈ Quot(RG) ≤ Quot(R) integral/RG; ⇒
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Exercise 1

1 LetR be a normal integral domain andG ≤ Aut(R). ThenRG is

also a normal integral domain.

Solution: Show thatRG is integrally closed inQuot(RG):

Let x = f/g ∈ Quot(RG) ≤ Quot(R) integral/RG; ⇒

x integral/R ⇒ x ∈ R (asR normal).
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Exercise 1

1 LetR be a normal integral domain andG ≤ Aut(R). ThenRG is

also a normal integral domain.

Solution: Show thatRG is integrally closed inQuot(RG):

Let x = f/g ∈ Quot(RG) ≤ Quot(R) integral/RG; ⇒

x integral/R ⇒ x ∈ R (asR normal).

⇒ x ∈ R ∩ Quot(RG) = RG.
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Exercise 2

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.
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Exercise 2

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.

Solution: Let f = p/q ∈ LG with p, q ∈ A.
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Exercise 2

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.

Solution: Let f = p/q ∈ LG with p, q ∈ A.

f =
p·
∏

16=g∈G
gq

∏

g∈G
gq = p′/q′ with q′ ∈ AG, p′ ∈ A.
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Exercise 2

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.

Solution: Let f = p/q ∈ LG with p, q ∈ A.

f =
p·
∏

16=g∈G
gq

∏

g∈G
gq = p′/q′ with q′ ∈ AG, p′ ∈ A.

Hencep′ = q′f ∈ A ∩ L
G = AG andf ∈ Quot(AG).
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Exercise 2

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.

Solution: Let f = p/q ∈ LG with p, q ∈ A.

f =
p·
∏

16=g∈G
gq

∏

g∈G
gq = p′/q′ with q′ ∈ AG, p′ ∈ A.

Hencep′ = q′f ∈ A ∩ L
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G, soQuot(AG) = L

G.

Invariant Theory of Finite Groups – p. 7/46



Exercise 2

2 LetA := F[V ], L := Quot(A), G ≤ GL(V ) finite. Show that

L ≥ L
G = Quot(AG) =: K is galois with groupG. Conclude that

for H ≤ G, H = G ⇐⇒ AH = AG.

Solution: Let f = p/q ∈ LG with p, q ∈ A.

f =
p·
∏

16=g∈G
gq

∏

g∈G
gq = p′/q′ with q′ ∈ AG, p′ ∈ A.

Hencep′ = q′f ∈ A ∩ L
G = AG andf ∈ Quot(AG).

ClearlyQuot(AG) ≤ L
G, soQuot(AG) = L

G.

Rest by standard Galois theory (Artin’s theorem, Galois

correspondence).
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Exercise 3

3 Show that the following are equivalent:

(a): AG is a polynomial ring.

(b): There is an hsop{h1, · · · , hn} of AG with |G| =
∏n

i=1 deg hi.

In particularAG = F[h1, · · · , hn] implies |G| =
∏n

i=1 deg hi.
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Exercise 3

3 Show that the following are equivalent:

(a): AG is a polynomial ring.

(b): There is an hsop{h1, · · · , hn} of AG with |G| =
∏n

i=1 deg hi.

In particularAG = F[h1, · · · , hn] implies |G| =
∏n

i=1 deg hi.

Solution: Recall, if P = F[h1, · · · , hn] ≤ AG is hsop-algebra, then
∏n

i=1 deg hi = [L : Quot(P)].

(a)⇒ can chooseP = AG, hence
∏n

i=1 deg hi = [L : L
G] = |G|.
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Exercise 3

3 Show that the following are equivalent:

(a): AG is a polynomial ring.

(b): There is an hsop{h1, · · · , hn} of AG with |G| =
∏n

i=1 deg hi.

In particularAG = F[h1, · · · , hn] implies |G| =
∏n

i=1 deg hi.

Solution: Recall, if P = F[h1, · · · , hn] ≤ AG is hsop-algebra, then
∏n

i=1 deg hi = [L : Quot(P)].

(a)⇒ can chooseP = AG, hence
∏n

i=1 deg hi = [L : L
G] = |G|.

(b)⇒ |G| = [L : Quot(P)] = [L : L
G] · [LG : Quot(P)].
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∏n
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Exercise 3

3 Show that the following are equivalent:

(a): AG is a polynomial ring.

(b): There is an hsop{h1, · · · , hn} of AG with |G| =
∏n

i=1 deg hi.

In particularAG = F[h1, · · · , hn] implies |G| =
∏n

i=1 deg hi.

Solution: Recall, if P = F[h1, · · · , hn] ≤ AG is hsop-algebra, then
∏n

i=1 deg hi = [L : Quot(P)].

(a)⇒ can chooseP = AG, hence
∏n

i=1 deg hi = [L : L
G] = |G|.

(b)⇒ |G| = [L : Quot(P)] = [L : L
G] · [LG : Quot(P)].

⇒ LG = Quot(AG) = Quot(P).

AG integral/P , P normal (=integrally closed inQuot(P)),
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Exercise 3

3 Show that the following are equivalent:

(a): AG is a polynomial ring.

(b): There is an hsop{h1, · · · , hn} of AG with |G| =
∏n

i=1 deg hi.

In particularAG = F[h1, · · · , hn] implies |G| =
∏n

i=1 deg hi.

Solution: Recall, if P = F[h1, · · · , hn] ≤ AG is hsop-algebra, then
∏n

i=1 deg hi = [L : Quot(P)].

(a)⇒ can chooseP = AG, hence
∏n

i=1 deg hi = [L : L
G] = |G|.

(b)⇒ |G| = [L : Quot(P)] = [L : L
G] · [LG : Quot(P)].

⇒ LG = Quot(AG) = Quot(P).

AG integral/P , P normal (=integrally closed inQuot(P)),

AG = P .
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(a) Solution: rank(AGA) = [L : L
G] = |G| =: n.
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(a) Solution: rank(AGA) = [L : L
G] = |G| =: n.

If AGA = ⊕n
i=1A

Gei, then

W ∼= ⊕n
i=1A

Gei/A
G,+ei

∼= ⊕n
i=1Fei ∈ FG − mod.

Invariant Theory of Finite Groups – p. 9/46
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4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(b) Solution:
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(b) Solution:

We have1F ⊕ X ∼= W . If W ∼= FGFG, then1F is projective in

FG − mod, hence|G| ∈ F∗.
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(b) Solution:

We have1F ⊕ X ∼= W . If W ∼= FGFG, then1F is projective in

FG − mod, hence|G| ∈ F∗.

If |G| ∈ F∗, thenA = AG,+A ⊕ X with W ∼= X ∈ FG − mod.
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(b) Solution:

We have1F ⊕ X ∼= W . If W ∼= FGFG, then1F is projective in

FG − mod, hence|G| ∈ F∗.

If |G| ∈ F∗, thenA = AG,+A ⊕ X with W ∼= X ∈ FG − mod.

By Galois theory, there is a normal-basis generator` ∈ L, hence
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(b) Solution:

We have1F ⊕ X ∼= W . If W ∼= FGFG, then1F is projective in

FG − mod, hence|G| ∈ F∗.

If |G| ∈ F∗, thenA = AG,+A ⊕ X with W ∼= X ∈ FG − mod.

By Galois theory, there is a normal-basis generator` ∈ L, hence

for Y := ⊕g∈GF
g` ⊆ L we haveY ∼= FGFG and

K ⊗F Y ∼= L ∼= K ⊗F X ∈ KG − mod;
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Exercise 4

4 Assume thatAGA is free and letW := A/AG,+A. Show:

(a)W ∈ FG − mod of dimension|G|.

(b) W ∼= FGFG, the reg. rep. ofG, if and only if |G| ∈ F∗.

(b) Solution:

We have1F ⊕ X ∼= W . If W ∼= FGFG, then1F is projective in

FG − mod, hence|G| ∈ F∗.

If |G| ∈ F∗, thenA = AG,+A ⊕ X with W ∼= X ∈ FG − mod.

By Galois theory, there is a normal-basis generator` ∈ L, hence

for Y := ⊕g∈GF
g` ⊆ L we haveY ∼= FGFG and

K ⊗F Y ∼= L ∼= K ⊗F X ∈ KG − mod;

⇒ Y ∼= X ∼= W .
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From Exercise 3:

To prove thatAG is polynomial ring:

1 Guess a set ofn homogeneous algebra generators
a1, · · · , an ∈ AG.

2 Show thatA is finite overF[a1, · · · , an].

3 Show that the degree ofQuot(A) overF(a1, · · · , an) equals
|G|, e.g. by showing that

∏n
i=1 deg ai = |G|.

Theorem(Kemper): sufficient to show 3. +{a1, · · · , an}
algebraically independent.
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Examples

1. Elementary symmetrics e1, · · · , en ∈ F[X1, · · · , Xn]Σn ,
clearlyF[X ] integral overF[e]
∏

i deg ei = n! = |Σn| ⇒ F[X]Σn = F[e]

2. Dickson - invariants di,n ∈ Fq[V ]GL(V ) defined by

Fn(T ) :=
∏

v∈V ∗(T − v) =
∑n

i=0 di,nT
qn−i

,

soFq[V ] integral overFq[d].
∏

i degdi,n = |GL(V )| ⇒ Fq[V ]GL(V ) = Fq[d].

3. Unipotent-invariants bi ∈ Fq[V ]Pn(V ) with
Pn(V ) = Sylp(GL(V )), with orbit-productsbi of degreeqi−1.
As seen last week:{b1, · · · , bn} hsop with
∏

i deg bi = q
n(n−1)

2 = |Pn(V )| ⇒ Fq[V ]Pn(V ) = Fq[b].

Invariant Theory of Finite Groups – p. 12/46



Nakajima groups

Let char F = p > 0, P ≤ GL(V ) ap-group. Can find basis
B = {x1, · · · , xn} of V ∗ with MB(g) upper unitriangular∀g ∈ P .
Define

Px := StabP (x)
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N(x) := NP
Px
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Nakajima groups

Let char F = p > 0, P ≤ GL(V ) ap-group. Can find basis
B = {x1, · · · , xn} of V ∗ with MB(g) upper unitriangular∀g ∈ P .
Define

Px := StabP (x)

N(x) := NP
Px

(x) = orbit product ofx ∈ V ∗,

Pi := ∩j 6=iPxj

i.e. Pi is "one-column-group"

























1 · · · 0 ∗ 0 · · · 0

0 1 0 ∗ 0 · · · 0

0 0 · · · ∗ 0 · · · 0

0 0 0 1 0 · · · 0

0 0 0 0 1 · · · 0

0 0 0 0 0 · · · 0

0 0 0 0 0 · · · 1

























.
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Nakajima groups

Let char F = p > 0, P ≤ GL(V ) ap-group. Can find basis
B = {x1, · · · , xn} of V ∗ with MB(g) upper unitriangular∀g ∈ P .
Define

Px := StabP (x)

N(x) := NP
Px

= orbit product ofx ∈ V ∗,

Pi := ∩j 6=iPxj

P is called aNakajima-group with respect toB, if
P = PnPn−1 · · ·P1.
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Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Invariant Theory of Finite Groups – p. 15/46



Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Proof: "⇒": We know (last week!) thatN(xi)’s form hsop,
moreoverdeg N(xi) = |Pi| with

∏

i |Pi| = |P |.
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Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Proof: "⇒": We know (last week!) thatN(xi)’s form hsop,
moreoverdeg N(xi) = |Pi| with

∏

i |Pi| = |P |.

"⇐": A recent theorem of Y.Wu (PhD thesis, Queen’s Univ.,
Kingston 2008).
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Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Proof: "⇒": We know (last week!) thatN(xi)’s form hsop,
moreoverdeg N(xi) = |Pi| with

∏

i |Pi| = |P |.

"⇐": A recent theorem of Y.Wu (PhD thesis, Queen’s Univ.,
Kingston 2008).

Theorem(Nakajima):
If F = Fp andF[V ]P is polynomial ring, thenP is Nakajima
group.

Invariant Theory of Finite Groups – p. 15/46



Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Proof: "⇒": We know (last week!) thatN(xi)’s form hsop,
moreoverdeg N(xi) = |Pi| with

∏

i |Pi| = |P |.

"⇐": A recent theorem of Y.Wu (PhD thesis, Queen’s Univ.,
Kingston 2008).

Theorem(Nakajima):
If F = Fp andF[V ]P is polynomial ring, thenP is Nakajima
group.

Falsefor Fpn n > 1 (Counterexample by Stong.)

Invariant Theory of Finite Groups – p. 15/46



Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Proof: "⇒": We know (last week!) thatN(xi)’s form hsop,
moreoverdeg N(xi) = |Pi| with

∏

i |Pi| = |P |.

"⇐": A recent theorem of Y.Wu (PhD thesis, Queen’s Univ.,
Kingston 2008).

Theorem(Nakajima):
If F = Fp andF[V ]P is polynomial ring, thenP is Nakajima
group.

Falsefor Fpn n > 1 (Counterexample by Stong.)

Kemper/Malle: Classification of allirreducibleG ≤ GL(V )

with F[V ]G polynomial ring.
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Nakajima groups

Theorem: P is Nakajima-group with respect toB ⇐⇒
F[V ]P = F[N(x1), · · · , N(xn)].

Proof: "⇒": We know (last week!) thatN(xi)’s form hsop,
moreoverdeg N(xi) = |Pi| with

∏

i |Pi| = |P |.

"⇐": A recent theorem of Y.Wu (PhD thesis, Queen’s Univ.,
Kingston 2008).

Theorem(Nakajima):
If F = Fp andF[V ]P is polynomial ring, thenP is Nakajima
group.

Falsefor Fpn n > 1 (Counterexample by Stong.)

Kemper/Malle: Classification of allirreducibleG ≤ GL(V )

with F[V ]G polynomial ring.

Open problem: Characterization of modular representations of
finite groups with polynomial rings of invariants.
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Non-linear group actions

Theorem: (Fl.-Woodcock) Let|P | = pn with p = char F.
There is anon-linearfaithful action onA := F[X1, · · · , Xn]

with polynomial ringAP .
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Non-linear group actions

Theorem: (Fl.-Woodcock) Let|P | = pn with p = char F.
There is anon-linearfaithful action onA := F[X1, · · · , Xn]

with polynomial ringAP .

A is a retract (i.e. direct summand withidealcomplement) of a
localization ofF[Vreg].
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Non-linear group actions

Theorem: (Fl.-Woodcock) Let|P | = pn with p = char F.
There is anon-linearfaithful action onA := F[X1, · · · , Xn]

with polynomial ringAP .

A is a retract (i.e. direct summand withidealcomplement) of a
localization ofF[Vreg].

AlgebraA can be used to obtain astructure theorem for
Galois-ring extensions with groupP .
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

(e.g.A∗ = A0 = F andG = [G,G] or |G| = pk, p = char F.)
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

ThenAG is a UFD.
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

ThenAG is a UFD.

Proof: Letp ∈ Spec1(A
G); need to show: p is principal ideal.

know : ∃P ∈ Spec1(A) with P ∩ AG = p ("lying over").

know : P = fA with primef ∈ A.
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

ThenAG is a UFD.

Proof: LetH := {g ∈ G | gf ∼ f are associated}, then

∀g ∈ H : gf = cgf with cg ∈ A∗;

H ≤ G (subgroup).
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

ThenAG is a UFD.

Proof: LetH := {g ∈ G | gf ∼ f are associated}, then

∀g ∈ H : gf = cgf with cg ∈ A∗;

H ≤ G (subgroup).

Let G := ]r∈RrH andNf :=
∏

r∈R
rf , then

gNf = λ(g)Nf with λ ∈ Hom(G,A∗) = 1.

HenceNf ∈ AG.
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

ThenAG is a UFD.

Proof: If φ ∈ p, thenf | φ ⇒ rf | φ ∀r ∈ R ⇒

Nf | φ, soNf · a = φ with a ∈ A ∩ Quot(AG) = AG.
It follows thatφ ∈ Nf · A

G ⇒ p ⊆ Nf · A
G.
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UFD

Theorem: Let A be UFD,G a finite group acting onA such that

G acts trivially onA∗

Hom(G,A∗) = 1

ThenAG is a UFD.

Proof: If φ ∈ p, thenf | φ ⇒ rf | φ ∀r ∈ R ⇒

Nf | φ, soNf · a = φ with a ∈ A ∩ Quot(AG) = AG.
It follows thatφ ∈ Nf · A

G ⇒ p ⊆ Nf · A
G.

ClearlyNfA
G ⊆ fA ∩ AG = P ∩ AG = p, hence

p = NfA
G.
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Nakajima’s theorem

Let K := Quot(A); FA := fractional ideals (i.e. fin. gen.J ≤ AK).

For I, J ∈ FA: I ∼Artin J ⇐⇒ I−1 = J−1 (equivalence relation)

DA := FA/ ∼Artin
∼= ⊕p∈Spec1(A) Z · d(p) (free abelian group).

LetHA := {[xA] | x ∈ K} ≤ DA (principal fractional ideals)

CA := DA/HA = class group, measures distance from UFD :

A is UFD ⇐⇒ CA = 0.
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Nakajima’s theorem

Let K := Quot(A); FA := fractional ideals (i.e. fin. gen.J ≤ AK).

For I, J ∈ FA: I ∼Artin J ⇐⇒ I−1 = J−1 (equivalence relation)

DA := FA/ ∼Artin
∼= ⊕p∈Spec1(A) Z · d(p) (free abelian group).

LetHA := {[xA] | x ∈ K} ≤ DA (principal fractional ideals)

CA := DA/HA = class group, measures distance from UFD :

A is UFD ⇐⇒ CA = 0.

TheoremLet G ≤ GL(V ) with W := 〈r | r reflection in G〉 E G.
Then

CAG
∼= {ρ ∈ Hom(G, F∗) | resW (ρ) = 1}.
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Non - CM invariant rings

(Campbell,Hughes,Kemper,Shank,Wehlau)
AssumeN / G with G/N = 〈ḡ〉 ∼= Z/p, p = char F.

TheoremForm ≥ 3: F[V m]G not Cohen - Macaulay.
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AssumeN / G with G/N = 〈ḡ〉 ∼= Z/p, p = char F.

TheoremForm ≥ 3: F[V m]G not Cohen - Macaulay.

Sketch of proof: 0 6= J := (ḡ − 1)AN ∩ AG / AG
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Non - CM invariant rings

(Campbell,Hughes,Kemper,Shank,Wehlau)
AssumeN / G with G/N = 〈ḡ〉 ∼= Z/p, p = char F.

TheoremForm ≥ 3: F[V m]G not Cohen - Macaulay.

Sketch of proof: 0 6= J := (ḡ − 1)AN ∩ AG / AG

Choosef1, f2, f3 ∈ J ⇒ fi = ḡ(ai) − ai, ai ∈ AN
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Non - CM invariant rings

(Campbell,Hughes,Kemper,Shank,Wehlau)
AssumeN / G with G/N = 〈ḡ〉 ∼= Z/p, p = char F.

TheoremForm ≥ 3: F[V m]G not Cohen - Macaulay.

Sketch of proof: 0 6= J := (ḡ − 1)AN ∩ AG / AG

Choosef1, f2, f3 ∈ J ⇒ fi = ḡ(ai) − ai, ai ∈ AN

⇒ 0 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

f1 f2 f3

f1 f2 f3

a1 a2 a3

∣

∣

∣

∣

∣

∣

∣

∣

∣

= u23f1 + u31f2 + u12f3,

uij :=

∣

∣

∣

∣

∣

∣

fi fj

ai aj

∣

∣

∣

∣

∣

∣

∈ AG\(fi, fj)A
G. ⇒ (f1, f2, f3) not a regular

sequence inAG. But for m ≥ 3, J contains partial hsop of
length≥ 3 and in CM-ring, partial hsops are regular sequences.
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Modular CM invariant rings

An elementg ∈ GL(V ) is called abi-reflection , if rk(g − idV ) ≤ 2.

Theorem(Kemper): LetP ≤ GL(V ) be ap-group
(p = char F) such thatF[V ]P is Cohen-Macaulay, thenP is
generated by bi-reflections.
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Modular CM invariant rings

An elementg ∈ GL(V ) is called abi-reflection , if rk(g − idV ) ≤ 2.

Theorem(Kemper): LetP ≤ GL(V ) be ap-group
(p = char F) such thatF[V ]P is Cohen-Macaulay, thenP is
generated by bi-reflections.

Corollary: F[V ⊕3]P is notCohen-Macaulay.
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General Question

How close is aAG to being a Cohen-Macaulay ring ?

Recall: measured bydepth(AG) =
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General Question

How close is aAG to being a Cohen-Macaulay ring ?

Recall: measured bydepth(AG) =

length of maximal regular sequence inAG;

cohomological co - dimension as module over
parameter subalgebraF :

proj.dim FAG + depth(AG) = Dim(AG)

(Auslander-Buchsbaum-formula)
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General Question

How close is aAG to being a Cohen-Macaulay ring ?

Recall: measured bydepth(AG) =

length of maximal regular sequence inAG;

cohomological co - dimension as module over
parameter subalgebraF :

proj.dim FAG + depth(AG) = Dim(AG)

(Auslander-Buchsbaum-formula)

depth(AG) = Dim(AG) ⇐⇒ AG CM.
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General Question

How close is aAG to being a Cohen-Macaulay ring ?

Lemma : Let C ≤ B graded connected overF with CB finite
andCB = C ⊕ X. Thendepth(B) ≤ depth(C).
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General Question

How close is aAG to being a Cohen-Macaulay ring ?

Lemma : Let C ≤ B graded connected overF with CB finite
andCB = C ⊕ X. Thendepth(B) ≤ depth(C).

If H ≤ G with [G : H]1F 6= 0, thenrelative trace:

tGH : AH → AG, a 7→
∑

g∈G/H

g(a),

AG | AGAH , hencedepth AH ≤ depth AG.

Let P ∈ Sylp(G): If AP is CM, so isAG.
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General Question

How close is aAG to being a Cohen-Macaulay ring ?

Lemma : Let C ≤ B graded connected overF with CB finite
andCB = C ⊕ X. Thendepth(B) ≤ depth(C).

If H ≤ G with [G : H]1F 6= 0, thenrelative trace:

tGH : AH → AG, a 7→
∑

g∈G/H

g(a),

AG | AGAH , hencedepth AH ≤ depth AG.

Let P ∈ Sylp(G): If AP is CM, so isAG.

However: F[V ]Σp poly, butF[V ]P not CM forP ∈ Sylp(Σp),
p ≥ 5.
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The relative transfer ideal

Let F = F and fixP ≤ G ∈ Sylp(G).

IG
P :=

∑

Q<P

tGQ(AQ) E AG.

i :=
√

IG
P ∈ Spec(AG) prime ideal of heightcodim(V P );
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The relative transfer ideal

Let F = F and fixP ≤ G ∈ Sylp(G).

IG
P :=

∑

Q<P

tGQ(AQ) E AG.

i :=
√

IG
P ∈ Spec(AG) prime ideal of heightcodim(V P );

The quotientAG/i is CM of Krull - DimensiondimF V P .
(Fl. 1998,2002)
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The relative transfer ideal

Let F = F and fixP ≤ G ∈ Sylp(G).

IG
P :=

∑

Q<P

tGQ(AQ) E AG.

i :=
√

IG
P ∈ Spec(AG) prime ideal of heightcodim(V P );

The quotientAG/i is CM of Krull - DimensiondimF V P .
(Fl. 1998,2002)

depth AG = grade(i, AG) + dim V P ; (Fl., Shank 2000)
wheregrade(i, AG) := length of a max. reg. sequence ini.
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Calculation of grade(i, AG)

Using D Rees’ definition

grade(i, AG) = min{k | Extk
AG(AG/i, AG) 6= 0} ≤ h := ht(i).

AG = H0(G,A) ⇒

one can approach computation ofgrade(i, AG) via
Ellingsrud - Skjelbred spectral sequence (1980):

Ep,q
2 = Extp

AG(AG/i, Hq(G,A)) ⇒ Hn(T ),

with Hn(T ) = 0, for n = p + q < h.
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Minimal depth and cohomology

(with G Kemper, RJ Shank, J Elmer)

c := min {k > 0 | Hk(G,A) 6= 0} =: "cohomological
connectivity"
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Minimal depth and cohomology

(with G Kemper, RJ Shank, J Elmer)

c := min {k > 0 | Hk(G,A) 6= 0} =: "cohomological
connectivity"

Theorem(Fl.-Kemper-Shank)

depth(AG) ≥ min{dim V P + c + 1, dim V };
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Minimal depth and cohomology

(with G Kemper, RJ Shank, J Elmer)

c := min {k > 0 | Hk(G,A) 6= 0} =: "cohomological
connectivity"

Theorem(Fl.-Kemper-Shank)

depth(AG) ≥ min{dim V P + c + 1, dim V };

equality, if and only ifi ·α = 0 for some0 6= α ∈ Hc(G,A).

⇐⇒ i is associated prime ofHc(G,A).
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Minimal depth and cohomology

(with G Kemper, RJ Shank, J Elmer)

c := min {k > 0 | Hk(G,A) 6= 0} =: "cohomological
connectivity"

Theorem(Fl.-Kemper-Shank)

depth(AG) ≥ min{dim V P + c + 1, dim V };

equality, if and only ifi ·α = 0 for some0 6= α ∈ Hc(G,A).

⇐⇒ i is associated prime ofHc(G,A).

Criterion:∃0 6= α ∈ Hc(G,A) with
resG

Q(α) = 0 ∀ Q < P ⇒ depth(AG) minimal.

(J. Elmer (2008)): "⇐" is also true.
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Minimal depth and cohomology

(with G Kemper, RJ Shank, J Elmer)

c := min {k > 0 | Hk(G,A) 6= 0} =: "cohomological
connectivity"

Theorem
depth(AG) = min{dim V P + c + 1, dim V }

if G is p - nilpotent with cyclicP ∈ Sylp(G);

for G = P cyclic: Ellingsrud-Skjelbred (1980);
for infinite families ofZp × Zp-representations including

all non-projective indecomposable representations of

Z2 × Z2 in char(F) = 2.
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Module structure of F[V ]

Let V ∈ FG − mod. Then

V is indecomposableif V = U ⊕ W ⇒ U = 0 or W = 0.
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Module structure of F[V ]

Let V ∈ FG − mod. Then

V is indecomposableif V = U ⊕ W ⇒ U = 0 or W = 0.

In non-modularcase: "irreducible"⇐⇒ "indecomposable".
In modularcase: "irreducible"⇒, 6⇐ "indecomposable".
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Module structure of F[V ]

Let V ∈ FG − mod. Then

V is indecomposableif V = U ⊕ W ⇒ U = 0 or W = 0.

In non-modularcase: "irreducible"⇐⇒ "indecomposable".
In modularcase: "irreducible"⇒, 6⇐ "indecomposable".

Example:G = {

(

1 x

0 1

)

| x ∈ Fp}, F
2
p is indecomposable

but not irreducible.
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Module structure of F[V ]

Let V ∈ FG − mod. Then

V is indecomposableif V = U ⊕ W ⇒ U = 0 or W = 0.

In non-modularcase: "irreducible"⇐⇒ "indecomposable".
In modularcase: "irreducible"⇒, 6⇐ "indecomposable".

Example:G = {

(

1 x

0 1

)

| x ∈ Fp}, F
2
p is indecomposable

but not irreducible.

# of iso-types ofirreduciblesis finite.

Invariant Theory of Finite Groups – p. 43/46



Module structure of F[V ]

Let V ∈ FG − mod. Then

V is indecomposableif V = U ⊕ W ⇒ U = 0 or W = 0.

In non-modularcase: "irreducible"⇐⇒ "indecomposable".
In modularcase: "irreducible"⇒, 6⇐ "indecomposable".

Example:G = {

(

1 x

0 1

)

| x ∈ Fp}, F
2
p is indecomposable

but not irreducible.

# of iso-types ofirreduciblesis finite.

In modularcase:# of iso-types ofindecomposables
"generically wild"
(=infinite and "unclassifiable".)
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Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .
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Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .

(very rough)outline of proof...
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Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .

(very rough)outline of proof...

Let P ∈ Sylp(G), then for everyW ∈ FG − mod,
W | (W↓P )↑G. ⇒
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Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .

(very rough)outline of proof...

Let P ∈ Sylp(G), then for everyW ∈ FG − mod,
W | (W↓P )↑G. ⇒

Reduction toP ≤ Pn(V ) := Sylp(GL(V )).

Invariant Theory of Finite Groups – p. 44/46



Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .

(very rough)outline of proof...

Let P ∈ Sylp(G), then for everyW ∈ FG − mod,
W | (W↓P )↑G. ⇒

Reduction toP ≤ Pn(V ) := Sylp(GL(V )).

Use the fact thatAPn(V ) = Fq[b1, · · · , bn] is polynomial.
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Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .

(very rough)outline of proof...

Let P ∈ Sylp(G), then for everyW ∈ FG − mod,
W | (W↓P )↑G. ⇒

Reduction toP ≤ Pn(V ) := Sylp(GL(V )).

Use the fact thatAPn(V ) = Fq[b1, · · · , bn] is polynomial.

Direct summands in low degree are "propagated" into higher
degree by multiplication with homogeneous invariants.
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Module structure of F[V ]

Let V ∈ FG − mod. Then

Theorem[Karaguezian-Symonds] The number of isomorphism
types of indecomposableFG-modules occurring asdirect
summand of A := F[V ] is finite .

(very rough)outline of proof...

Let P ∈ Sylp(G), then for everyW ∈ FG − mod,
W | (W↓P )↑G. ⇒

Reduction toP ≤ Pn(V ) := Sylp(GL(V )).

Use the fact thatAPn(V ) = Fq[b1, · · · , bn] is polynomial.

Direct summands in low degree are "propagated" into higher
degree by multiplication with homogeneous invariants.

Method+results used to obtain...

Invariant Theory of Finite Groups – p. 44/46



General modular degree bound

...long conjectured, now a Theorem of P Symonds (2009): For
arbitrary finiteG ≤ GL(V ):

β(F[V ]G) ≤ max{|G|, dim(V ) · (|G| − 1)}.
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General modular degree bound

...long conjectured, now a Theorem of P Symonds (2009): For
arbitrary finiteG ≤ GL(V ):

β(F[V ]G) ≤ max{|G|, dim(V ) · (|G| − 1)}.

However, usually not sharp e.g.:

β(Fp[V ]Z/p) = (p − 1)dim(V Z/p) + p − 2 (generically),

(former2p − 3-conjecture forVreg (Fl., Sezer, Shank, Woodcock,
2006)).
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