7 Other multi-deck interactive flows.

We continue to work with non-dimensional Navier-Stokes equations for an incom-
pressible fluid which, in two dimensions, have the form,
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7.1 Near-wall viscous jets. Double-deck.

If fluid is injected along a solid boundary into a quiescent environment, a near-wall
jet is formed, of thickness O(Re~'/?) in non-dimensional variables with a typical
jet profile as shown in Figure 1. We are not concerned with the jet formation and
evolution but consider instead a double-deck interactive flow initiated by a local wall
roughness. The main new feature, compared with the standard triple-deck flow, is
the pressure variation across the main part of the jet.

Figure 1: Wall jet near a local obstacle.

Let 2 =1+ Re 37X, t = Re ?/"T.
In the main part of the jet, y = Re~/?Y,

u=Uy(Y)+ Re Y uy(X,Y,T) + .., (7.4)
v=Re v (X,Y,T) + ..., (7.5)
p=Re Tp (X, V,T) + .., (7.6)
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For the streamwise momentum and continuity, we have the equations,

(3u1 dU(_) . aul 81]1 .
aniX‘f'Uldiy—O, aiX—l—aiY—O, (77)

with a solution containing the displacement function, A(X,T'), of the form,

AUy (Y 0A(X, T
w = A T o, 28 D), (7.5)
For the normal momentum,
on . op1
Uoax = ~av (7.9)
the solution is PAXT)
pL= —H/ UZ(s)ds + C(X,T). (7.10)
0X? v

From the decay condition at the outer edge of the boundary layer, C'(X,T) = 0,
then as Y — 0,

O?A(X,T)

_> R
b1 K X2

where K :/ UZ(s)ds. (7.11)
0

Also Uy = \gY + ..., therefore
up = MAX,T)+...as Y — 0. (7.12)

In the viscous sublayer, y = Re™ /27Ty, = Re™/ Yy, 4, = O(1).

u=Re YV Tuy(X, 40, T) + ..., (7.13)
v = Re My (X, y0, T) + ..., (7.14)
p= R6_2/7p2(X,y2,T)+..., (7.15)

From Navier-Stokes, ps = po(X,T), and

8u2 U2 8u2 8p2 821@ QuQ 81)2
= —— — + — =0. 7.16
ar ""ox "0y, T ox T o 0x | og (7.16)

Matching with the flow in the main part of the jet and including the conditions
in the incoming stream, we have

us = Aoy2 + MA(X,T) + ... as ya — 00, (7.17)
O?AX,T)

D2 = —liw, (718)

Uy — Aol as X — —o0. (7.19)
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We also need to include no-slip conditions at the wall (for example if the wall has
an irregularity). These we can written as,

ug = vy =0 at yo = f(X), (7.20)
assuming, for simplicity, that the flow boundary is stationary.

Exercise.

Find an affine transformation, xo = a12*, yo = asy™, f = aof™, us = agu*, vo =
agv*, A = asA*, po = agp®, T = a;T™ with constants a;_; such that the parameters
Ao and k are scaled out, that is the interaction problem takes the form,

ou* ou* ou* op*  *u*  Ou* O

o7 —l—u*aX* +U*8y* = 5% + gy OX" + " =0 (7.21)
uwr =yt + AN(XT) + .. as Yt — oo, (7.22)

pr= - CAULT (7.23)

ut =y as X* — —oo. (7.24)

ut=v"=0aty" = f". (7.25)

Solution. From (7.17), as = ay and ag = Agas. In the continuity equation, require
ay = \oa3/a;. Then for the time-derivative term in (7.16) require a; = a1/(Aoaz) and
the balance between advection and pressure gradient terms gives ag = (A\gaz)? and
the balance with the viscous term leads to a; = A\ga3. The relation unused so far is
(7.18), where we find A3a?ay = k. Solving the last two equations for a;, aswe find

a1 = N7 an = kYA, (7.26)
and the rest of the constants now follow.

Upstream influence.

Suppose that the wall roughness is shallow, f* = §f;, with 6 < 1. We drop the
asterisks, omit time dependence, write the solution as a small perturbation to the
base near-wall flow,

{u,v,p, A} = {y,0,0,0} + 5{u (X, ), v (X, ), pi(X), 4(X)} + O(5?), (7.27)

and linearize the formulation (7.21)-(7.25) to get

8ul B , 82ul aul a’UZ B
ya—Xqul_—pl(X)vLa—yz, 87X+67y_0’ (7.28)
u — A(X) as y — oo, (7.29)
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p=—A/(X), (7.30)
w — 0as X — —o0, (7.31)
w=—fi(X),uy=0at y=0. (7.32)
The problem (7.28)-(7.32) is solved using Fourier transform in X, as in the pre-

vious section. We have,
ik?yﬁl -+ T)l = —ik:ﬁl + alyya Zl{?ﬂl + @ly = 0, (733)

hence

ikyiy, = 1Up,y, and therefore u;, = C(k)Ai(y(ik)Y/?). (7.34)

From the momentum equation,
—C(k) (k)3 A7 (0)] = ik, (7.35)

using the fact that A'(0) is a negative real number. Next, applying wall conditions
(7.32),

B y
u = —fi(k) + C(k)/ Ai(s(ik)Y?)ds. (7.36)
0

Now letting y — oo and using (7.29) together with the known formula, [ Ai(s)ds =
1/3, we obtain a relation between transformed pressure and displacement functions,

B (ik’)l/g -
Ar=—fi— Wpl- (7.37)

The last formula is useful int hat it applies to any viscous sublayer flow irrespective
of the pressure-displacement law.
Now using the interaction formula (7.30), we have, for the pressure,

3|47 (0)|(ik)?

P = =G = aparo) ) (7.38)

Localized obstacle and upstream influence.
We shall take the obstacle shape as a delta-function,
fil X) = 6(X), then f; = 1. (7.39)
Taking the inverse Fourier transform,
& 00 ('Lk)QGZkX
21 J_o (ik)7/3 —a

where a = 3|Ai'(0)]. We aim to evaluate the response of the flow upstream of the
obstacle, X < 0, which is done by closing the contour of integration in (7.40) in the

n(X) = dk. (7.40)



lower half plane and using the residue theorem, with the pole at k = —ia®/7.The
result is 3
n(X) = ?agﬁea?’ﬁX for X < 0. (7.41)

We conclude that the flow ’feels’ the presence of an obstruction at distances propor-
tional to the length scale of the interaction region.

Discussion. Self-induced separation. Numerical solutions by Smith & Duck,
1977. Note that the wall shear ahead of interaction region is 1/2 in their paper.

F1G. 2. Solution curves for 7o, P and A against X (with X_.=—12-364).

Figure 2: Self-induced separation in a wall jet.

7.2 Supersonic self-induced separation.

The type of interaction which leads to self-induced separation in a supersonic flow was
described by Stewartson & Williams and Neiland around 1970. In scaled variables it



is governed by equations (7.21)-(7.25) only the pressure-displacement relation (7.23)

changes to oA )
. k ‘){'*7 T*

P = (7.42)

The technique of linearizing the sublayer equations can be used to prove the

existence of upstream influence in the flow (see the exercise at the end of this section)

and hence deduce the possibility of self-induced processes in the boundary layer. Self-

induced separation is illustrated in Figure 3 taken from the Stewartson & Williams

paper.

—04

Fraune 2. Velocity profiles near the wall in the separated flow region, They are labelled accord-

ing to distance from seg ion, and the up profile is included for parison.
The broken profiles are beyond the x station at which ¥ = 16 is an adequate outer
boundary.

Figure 3: Supersonic separation.



7.3 Condensed flow.

In several situations we observe an interactive flow characterized by the absence of
displacement effect in the viscous sublayer, that is the formula (7.23) is replaced by

A* = 0. (7.43)

The pressure in the boundary layer remains unknown therefore we have a non-
classical boundary layer behaviour.
We shall consider a three-dimensional version of the flow given by the boundary-
layer equations,
ou* ou* ou* ou* op*  0*u*
* * ¥ =— 7.44
o T oxs TV T oz T Toxe T oy (7.44)
ow* ow* ow* ow* op*  O*w*
* ¥ * =— 7.45
o Y oxs TV oy TV oz T oz T oy (7.4)
ou*  ov*  OJw*
=0 7.46
ox- oy oz (7.46)

=yt + AN(X T+ ., wt = 0as Yt — oo, (7.47)
ut—y"as X — —o0. (7.48)
uv=v"=w"=0at y" = f". (7.49)

with the interaction law (7.43). Dropping the asterisks, upon linearization (as is
done in (7.27)), and also omitting time dependence we have

oy . apz 82’&1
y87+vl __87—‘—(97@}27 (750)

8wl . % 82101

— = — 7.51
Yox =~ "oz " a2 (751)
8ul (%l (9wl
—+—+ —==0 7.52
ox "oy Taz =Y (752)
w — 0, w; — 0 as X — —ooand as y — oo, (7.53)
w=fi(X,Z), vy =0, wy=0at y=0. (7.54)

The momentum and continuity equations can be reduced to a single equation for
the normal velocity,
82111 831)[
=Vp + =,
Yoxoy ~ "I g

(7.55)



with the Laplacian of the pressure, Vp, = (9?/0X? + 0%/0Z%)p,. Tt follows immedi-
ately that the pressure in the flow is governed by a Poisson equation,

Vo= F(fy), (7.56)

where F' is some functional of the wall roughness, f;. Hence, for a localized in space
wall roughness, condensed flow generates disturbances upstream as well as on the
sides of the roughness. It is easy to verify that the two-dimensional analogue of the
condensed flow problem does not support influence. Hence there is a significant dif-
ference between two- and three-dimensional condensed flow interactions. Verification
of these properties is left as an exercise.

Exercise. Derive a linearized solution for the supersonic flow with viscous-
inviscid interaction (7.42) past a shallow obstacle and hence show the existence of
upstream influence. Note that to prove the existence of upstream influence there is
no need to compute inverse Fourier transforms for the entire linearized solution.

Exercise. Consider interactive flows with the pressure-displacement relations
p= A and p = —A. Which of these two interactions supports upstream influence in
a 2-D case?

Exercise. Complete the solution of the linear problem (7.50)-(7.54) and verify
the properties of upstream propagation of disturbances stated in the text. Do we
need any boundary conditions in the downstream part of the flow, as X — oo?

References.

F. T. Smith and P. W. Duck, Separation of jets or thermal boundary layers from
a wall. Q J Mechanics Appl Math (1977) 30 (2): 143-156.

K. Stewartson & P. G. Williams, Self-induced separation. Proc. R. Soc. Lond.
A 2 September 1969 vol. 312 no. 1509 181-206.

Smith, F.T. and Rothmayer, A.P. Incompressible triple-deck theory. In: Johnson,
RW, (ed.) CRC Handbook of Fluid Dynamics. New York. 1998.

Smith, F.T., On the high Reynolds number theory of laminar flows, IMA Journal
of Applied Mathematics, Volume 28, Number 3, 207-281, 1982.

Smith, F.T., On internal fluid dynamics. Bull. Math. Sci., 2, 125-180, 2012.



