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CHAPTER 0

Introduction

These notes were produced to accompany an LTCC' course given in Octo-
ber 2016. The pre-requisites for the course were not particular clearly stated,
but probably included

e Basic familiarity with manifolds and vector bundles, in particular the
tangent bundle, differential forms and the de Rham complex;

e The simplest notions of functional analysis, in particular bounded
operators on Hilbert spaces and the like.

Almost everything is rather classical (index theory goes back to the 1960s,
after all) but I wanted to try to give a treatment which combines the classic
papers with various insights that I've gleaned over the years.

0.1. Approach

The approach is to construct a class of linear operators, the pseudodif-
ferential operators, which have very good properties and which are general
enough to contain ‘approximate inverses’ of elliptic differential operators. We
start with a black-box approach, based on extending the algebraic properties
of the symbol sequence we say for differential operators.

London Taught Course Centre






CHAPTER 1

Elliptic operators

1.1. Definitions

We begin in R™ (or in an open set X of R™). Let p(z,&) be a function on
X x R", smooth in z, polynomial in £, of degree < k. If necessary, we write
this in terms of its coefficients
> palz)E”

|a|<k
using multi-index notation {* = &' -+ - €57, where a = (o, ..., ) and |of =
a1+ -+ .
A differential operator of order k£ on X is obtained by formally substituting
0
i — D= —i—
§] J a.%'j

into this polynomial. It is denoted P = p(z, D). The set of all differential
operators on X of order < k is denoted Diff*(X). The set of all differential
operators on X is denoted Diff*(X): it is filtered by the order. Diff* is a
filtered algebra, in that the sum of two operators of order < k is again of order
< k, while under composition, the degrees add:

Diff*(X) x Diff‘(X) — Diff*™(X), (P,Q)— PoQ. (1.1.1)
The commutator of operators is also important,
[P, Qlu = P(Qu) — Q(Pu);
if ord P = k, ord Q = ¢, then the order of [P,Q] is k + ¢ — 1.

REMARK 1.1.1. There are a number of reasons for the factor of —i in the
definition. It fits in very well with the Fourier transform, which will get much
usage later; more fundamentally, D; is a formally self-adjoint operator and so
real polynomials correspond to formally self-adjoint operators (at least if p is
independent of x).

EXAMPLE 1.1.2. The laplacian is associated to the metric, |£|?. For a
variable metric, it is a little more complicated, namely the p in question is £ \g
plus lower order times.

Note that Diff’(X) = C°°(X), viewed as multiplication operators.
Note that if P € Diff*(X), then P defines linear maps

P:C%®(X) = C®(X) (1.1.2)

and
P:CP(X) = C°(X) (1.1.3)

7
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where the 0 denotes compact support. Differential operators are also local in
the sense that
supp(Pu) C supp(u) (1.1.4)

for any function wu.

DEFINITION 1.1.3. If P € Diff*(X), the (principal) symbol o (P) is de-

fined to be
or(P)(x,€) = Y pal@)€”. (1.1.5)
la|=k
p(z, D) is said to be elliptic at x if o (P)(x,&) # 0 for all (real) non-zero &.

EXAMPLE 1.1.4. The Laplacian is elliptic with symbol |¢|?.

THEOREM 1.1.5. For each integer k and any given open subset X C R",
there is an exract sequence

0 — Diff*"}(X) — Diff*(X) 25 S¥(X) — 0. (1.1.6)

Here S*(X) is the space of polynomials homogeneous of degree k in &, with
coefficients smooth functions in X (the typical element of S*(X) looks like the
RHS of (1.1.5)).

Furthermore, the symbol map is an algebra homomorphism: if

ordP=kFk, ordQ =/, (1.1.7)

then
Okre(P o Q) = 0(P)oy(Q). (1.1.8)

PROOF. The exactness of (1.1.6) should be pretty clear. For (1.1.8) it is
enough to consider the case of monomials

p(,€) = pat®s q(,€) = qs(x)¢”
where |a| = k, |f| = £. Then if u is a smooth function,
Pz, D){q(x, D)u) = pal)D*(gs(z)DPu) (1.1.9)
= pa(®)qs(x)D*Pu+r(z, D)u (1.1.10)
where r is of order < k + £.

EXERCISE 1.1.6. Show that the piece of r(x, ) homogeneous of degree
k+ ¢ —1in £ can be written

. <=~ 9p Oq
— 10gp0yq = —1i — . (1.1.11)
jzz:l 85 7 ox 7
The assertion (1.1.8) follows by C-bilinearity of composition. U

In algebraic terms, (1.1.8) has the interpretation that the algebra S*(X)
of polynomials in £ with coeflicients smooth functions of x is the associated
graded algebra of the filtered algebra Diff*.

Note the interesting fact that o is a homomorphism of algebras but the
algebra structure of S*(X) is much simpler than that of Diff*(X)—in par-
ticular it is abelian (at least for this setting of scalar differential operators).
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Obviously there is much more to a differential operator than its symbol, but we
shall see that (once these notions have been suitably extended) basic questions
about differential operators on compact manifolds are answered by knowledge
of the principal symbol. For example, if the symbol is invertible, and the
manifold is compact, the operator is also ‘essentially invertible’, that is, up to
finite-dimensional errors.

EXERCISE 1.1.7. Show that the J-operator

- 2\ 0z Z(37y

is elliptic as an operator on complex-valued function in R2.

EXERCISE 1.1.8. Show that the grad-div-curl operator
(a,¢) — (curla+ Vo, diva) (1.1.12)

is elliptic acting on pairs (a, ¢) of vector fields and functions on R3. (For
operators acting on vector-valued functions, the definition of ellipticity is
that the symbol, which is now a matrix whose entries are functions of
(x,€), should be invertible for all non-zero real £.)

EXERCISE 1.1.9. Given any operator P € Diff*(X) we can go back to
p(z, &) by ‘oscillatory testing’. Show that

pla, &) = e O p(eltno), (1.1.13)
Show further that
or(P)(z,§) = \51|iinoo €] p(z, €) (1.1.14)

EXERCISE 1.1.10. The point of view I have taken here' is strongly
motivated by quantum mechanics. The function p(zx, ) is thought of as a
‘classical observable’ that is, by definition, a smooth function of position x
and momentum §. Then p(z, D) is the corresponding ‘quantum observable’
operating (unboundedly) on the quantum state space L?(R™).

Let
P=p(z,D),Q = q(z,D) (1.1.15)
where p = pp(z;8) + -+ and ¢ = qu(x;€) + - -+, these being the terms
homogeneous of degree m and m’ respectively, and the - - - denoting terms
of lower degree in €. Show that
[P, Q] =r(x,D) (1.1.16)

where r = rgi¢—1 + -+ and

Ti+e—1 = —i{Pk, qe} (1.1.17)
is the Poisson bracket of p,, and ¢,,, defined generally by
" /Of O dg 0
{ﬂg}zZ(fg—gf) (1.1.18)

= 853 8$j 85] axj

[This follows immediately from Exercise 1.1.6.]
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EXERCISE 1.1.11. For composition of differential operators P =
p(z, D) and Q = q(z, D), of orders k and ¢, obtain the following formula:

PQ =R=r(z,D), (1.1.19)
where
)
T‘(.%',g) = exp (2W(Dmu va Dvaﬂ)> p(x7§)q<y7n)‘y:x,n:§ . (1120)
Here
w(DCL‘JD§7Dy7‘D77) = <D§7Dy> - <D777DI>

and the formula is interpreted by (formal) expansion of the exponential in
power series. The sum will be finite because p and ¢ are polynomial in &.

1.2. Invariance properties

In exercise 1.1.10, it was noted that p(z, ) should be viewed as a function
of position x and momentum £. The geometry underlying the Poisson bracket
is symplectic geometry. This strongly suggests that from a more invariant
point of view, if x € V' (a vector space) then ¢ should be in the dual space
V*. On V x V* there is a natural symplectic form and in coordinates the
corresponding Poisson bracket is (1.1.18).

Let us explain why this is indeed the correct point of view. We shall do
this in the context of manifolds and vector bundles.

Let M be a smooth connected oriented manifold and let F and F' be
complex vector bundles over M. There are many ways to define the space of
differential operators acting between sections of F and sections of F'. To make
the invariance more obvious, we use connections.

Let

C*°(M, E) = {smooth sections of E over M }. (1.2.1)

If k is a positive integer, denote by QF(M, E) the space of E-valued k-forms;
we have

QF(M,E) = C®°(M, E @ A*T*M),Q°(M,E) = C*(M, E). (1.2.2)
A connection V in (or on) E is (for us) a linear operator
V:Q%M,E) — QY(M,E) (1.2.3)
which satisfies the Leibniz rule
V(if@s)=df®@s+ f@Vsforall fe C®(M), se€ C°(M,E). (1.2.4)

Notice that this is a global definition, but a standard argument (using the
Leibniz rule, and suitable choices of f) shows that it is really local. More
precisely, the value of Vs at a point « in M depends only upon s and its first
derivatives at x (in any local trivialization near x). More precisely: choose a
local trivialization of ' in an open set U. If E is of rank IV, then for each local
section s € C®(U, E), we have a CN-valued function 5 defined in U. Then
there is an N x N matrix of 1-forms, A, defined over U, such that

Vs =ds+ A5 (1.2.5)
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Because V is locally determined, for any open set U C M (not necessarily a
set on which F is trivial), there is an induced linear operator

V:Q%U,E) — QYU, E) (1.2.6)
which we do not distinguish from the original one.

DEFINITION 1.2.1. If E and F are complex vector bundles the space of

symbols of order k£ from E to F' is the space of sections of the vector bundle
SFTM ® Hom(E, F).
The space of all symbols of order k is denoted S*(X; E, F).

A symbol o € S¥(M; E, F) can be viewed in various ways. We have
o € C%°(M,Hom(S*T*M @ E, F)) = C*°(M, S*TM @ Hom(E, F). (1.2.7)

Recall also that if V' is any vector space, the k-fold symmetric tensor product
S*V is canonically identifiable with the set of polynomials on V*, homogeneous
of degree k. So at any given point x of M, o gives a function

o(z,§) € Hom(E,, Fy),x € M,{ € T*M (1.2.8)
homogeneous of degree k in &, that is,
o(z,t€) = tho(x, €) for all t € R. (1.2.9)

In local trivializations, o(z, ) is identified with a matrix, each of whose entries
is smooth in z and a homogeneous polynomial of degree k in &.
A more invariant and global interpretation of o(x,¢) is as follows:

o€ C(T*M,Hom(r"E, 7" F)),

where w : T*M — M is the projection, with the additional condition that o
is homogeneous of degree k on the fibres of 7.

Using connections and symbols, we extend the definitions in R” to any
manifold. Let’s warm up with the case of first-order operators:

DEFINITION 1.2.2. The space of first-order differential operators Diff! (M; E, F)
is defined to consist of all operators of the form

L=o010(—iV)+ 09 (1.2.10)

where o; are symbols of order j from F to F' and V is an arbitrarily chosen
connection in FE.

The first term in (1.2.10) is the composite
C(M;E) =X C®(M;T* @ E) 2% C®(M; F) (1.2.11)

where we think of o7 as a section of Hom(T*M ® E, F') as above. Hence L, as
defined in (1.2.10) does map sections of E to sections of F', as suggested by
the notation!

PROPOSITION 1.2.3. The definition of Diff'(M; E, F) is independent of
the choice of connection V.

With respect to local trivializations of E and F over some open set U,
every L € Diff!(M; E, F) has the form {(x, D), where { is an N x N'-valued
function of (x,£), polynomial of degree < 1 in & and smooth in x. Here N and
N’ are the ranks of E and F'.
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PROOF. The difference of two connections is algebraic, V/ = V + 7, where
7 is a section of End(F) ® T*. Thus

—ioc1oV+o9g=L=—icioV +0 (1.2.12)

is solved by
oy =01, o)) —icloT = 0y. (1.2.13)
So a change in connection can always be absorbed by a change in og. It is
clear from the expression for V in local coordinates (see (1.2.5)) that locally

L= —i010d+(010A+0'0)
which is of the stated form. O

REMARK 1.2.4. The annoying factor of 7 in the definition is put in so that
real symbols correspond to self-adjoint operators and for consistency. Other
authors adopt different conventions and put the ¢ elsewhere.

Notice that the first-order symbol o does not change under change of
connection. We have also given it an invariant geometric interpretation as a
section of a certain bundle.

We now extend the above definition from first order operators to operators
of arbitrary order. For this, we need to choose a connection also on T'M. It is
natural to choose this to be torsion-free. Recall that there is then an induced
connection on all ‘tensor bundles’, in particular the symmetric tensor products
SIT*M. Combining this connection with the original one on E, we obtain a
connection on E ® S7T*, for every j. All these connections will be denoted
by V.

In particular, with this choice made, we obtain an operator V(2

vV . C®(M,E) — C®(M,E ® S*T*M) (1.2.14)
as the composite

C®(M,E) % C®(M,E®T*) > C°(M,E®T* @ T*) — C°(M, E ® S°T*)

(1.2.15)

where the last arrow is the algebraic operation of symmetrization. (If we

take the skew part instead of the symmetric part, we simply get the curvature

operator. The torsion-free condition is needed for this assertion to be correct.)
Iterating the above construction, we may define, for each 7,

VW) . C®(M,E) — C®(M,E ® S7T). (1.2.16)
Given a finite collection of bundle morphisms
0j: E® ST — F, (1.2.17)
in other words symbols from E to F of order j, we define a differential operator
k
P=Y (=i)lgjoVV) (1.2.18)
j=0

of order k.

NOTATION 1.2.5. The set of all differential operators of order k from E
to F is denoted Diff*(M; E, F), Diff*(E, F) or even Diff* if no confusion can
result from the notational simplifications.

The set of all differential operators from E to F (of arbitrary but finite
order) is denoted Diff*(M; E| F).
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It is left to the reader to check that Diff*(M; E, F) is independent of the
choice of connection used to define the V).

Note that Diff*(M; E, F) is a graded ring under composition, and that the
corresponding Lie bracket given by commutator [Py, P>] has order < ky + ko
if k1 and ko are the orders of P; and Ps.

EXERCISE 1.2.6. Show that the set of differential operators
Diff*(M; E, F) is independent of the choice of connection used in (1.2.17).

EXERCISE 1.2.7. An alternative definition is that in any local coordi-
nates and trivializing charts, L is given locally by a differential operator
in the usual sense in an open subset of R™. Show that this is equivalent
to the definition using a connection.

If V is a new connection and we write
D (=iY5;0VW =P = (=i)Yo; 0 VU (1.2.19)
=0 =0
then it turns out that
Gp = O (1.2.20)
This is called the principal symbol of L.

DEFINITION 1.2.8. The operator P € Diff*(M; E, F) is said to be elliptic if
and only if oy (P) is an invertible endomorphism 7*E — 7*F over T*M \ {0}.
By the homogeneity of oy, it is equivalent to demand invertibility over the
cosphere bundle inside T*M, or for all £ sufficiently large.

ProOPOSITION 1.2.9. There is an exact sequence
0 — Diff* 1 (M; E, F) — Diff*(M; E, F) — S*(M;E,F) - 0 (1.2.21)

If E and F are equipped with hermitian structures and M is equipped
with a smooth measure so that the formal adjoint L* of L is defined, then
op(L*) = op(L)* (for all real £).

If G is a third vector bundle and

P ¢ Dift*(M; F,G), Q € Diff'(M; E, F) (1.2.22)
so that PQ € Dif f**¢(M; E,G), then
Ore(PQ) = 0(P)oe(Q). (1.2.23)

EXERCISE 1.2.10. Let A, be the Laplacian acting on functions on M,
defined by some riemannian metric g. Show that o2(A,) = [€ \3, where
this is the dual metric on T*M.

EXERCISE 1.2.11. Suppose that E and F' are equipped with hermitian
structures (a hermitian metric in each fibre, smoothly varying with the
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fibre). Given also a smooth volume-form du on M, we define L? inner
products on C*°(M; E) and similarly C*°(M; F) by

(s,8") = /M(s,s') dp (1.2.24)

where the round brackets denote the pointwise inner product, and we
assume either that M is compact or if not that at least one of s and s’ has
compact support. The formal adjoint of P € Diff* (M; E, F) is defined by
the equation
(Ps,t) = (s, P*t) (1.2.25)

for all s € C°(M, E), t € C§°(M, F).

Show that P* is a differential operator in Diff*(M; F, E) and that
or(P*) = op(P)*.

Deduce that the ‘rough Laplacian’ V*V € Diff?(M; E, F) is elliptic.




CHAPTER 2

Distributions and the Fourier Transform

2.1. Motivation for distributions

2.1.1. The Dirichlet Problem. Let 2 C R" be a bounded domain with
smooth boundary. Suppose we wish to solve the problem

Au= fin Q, u|0Q=0. (2.1.1)
with the boundary condition
u|0Q2 = 0. (2.1.2)

Here f is say a given smooth function defined in €. There is a classical
approach (the Dirichlet principle) along the following lines. Let

1
E(u) :/(2|Vu2 — fu)dz (2.1.3)
Q
where u is (in the first instance) in CZ (), the space of continuously differen-

tiable functions which satisfy the boundary condition (2.1.2). If ug minimizes
E(u) over all u € C}(£), then for any smooth ¢ € C}(9),

d
&E(uo +top) . =0. (2.1.4)

This implies that
| (0.90) = (7.6)) do =0 (2.1.5)

If we knew that u were C?, we could integrate by parts to obtain
/(Au — f)¢pdz =0 for all ¢ with ¢|0Q2 = 0. (2.1.6)
Q

If Au— f € C°, this implies that Au = f in Q.

We would like to use this idea to prove the existence of a solution u of
the problem (2.1.3). To push it through, however (i.e. to find a minimizing
up) we need to make sense of the idea that Vu can be defined even if u
is not differentiable: we somehow need to work with u € L?(Q) such that
Vu € L%(Q). In fact, we do this exactly as suggested in the above calculation.
Namely if u € L?(Q), we define the derivatives d;u as a functional on C§°(f
namely

Bju[¢] = —/Quaj<b. (2.1.7)

By Cauchy-Schwartz this is well-defined if v € L?(Q). We can then say that
Oju € L?() if this functional is given by integration of ¢ against an L2
function.

15
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2.1.2. Green’s Functions. It’s been known for a long time that if f €
C3°(R™), then the solution u which decays at oo to Poisson’s equation

Au=f (2.1.8)
is given by
u(w) = [ Gola~ 1)) dy (21.9)
where
Gn(x) = cplz*™™, forn >3, (2.1.10)
and ¢, is some constant. The point about G,, (the Green’s function for the
Laplacian in R"™) is that it solves AG,, = 0 away from = = 0 and has ‘the right
singularity’ at x = 0.
In fact, the reason why (2.1.9) holds is the formula

AGr(x —y) =0(z —y) (2.1.11)
where 0(x — y) is the Dirac d-function, which has the property
[ 86 = ot dy = 6(x) (21.12)

for all smooth functions ¢. There is of course no function § which has this
property but that is the only problem: for each y € R™ we have the evaluation
map

3y : CC(R"™) = R, 0,(¢) = ¢(y)- (2.1.13)
Moreover, (2.1.11) makes perfect sense if we evaluate or ‘test’ against a func-
tion ¢ € C5°(R™) and integrate by parts:

[ Guta = p)8a(a) do = o(0) (2.1.14)

for the singularity of G, (z — y) along the diagonal is integrable.

These two examples motivate the need to be able to differentiate objects
that are more general than classically differentiable functions. The trick is to
think in terms of duality, as already hinted at in (2.1.14) and (2.1.7).

2.1.3. A quick introduction to distributions. The theory of distri-
butions, in its rigorous and present-day form, was systematically developed
by Laurent Schwartz in the late 1940s (though has roots stretching back go
George Green in the 1830s). A systematic treatment can be found in Volume
I of Hormander’s series on the analysis of partial differential operators.

The space of distributions C~°°(R") is defined as the dual space of C§°(R").
It is common to refer to elements of C§° as ‘test functions’. There is a con-
tinuity condition involved in the definition of distribution which we shall not
dwell upon (though it is of course important).

ExAMPLE 2.1.1. We note that C*°(R") ¢ C~*°(R") for if f € C*, it

defines a functional by

f@h%ﬂ@:/j@MWMm (2.1.15)

ExXAMPLE 2.1.2. Evaluation maps. We have already seen the Dirac J-
function 6, which is the function of evaluation ¢ — ¢(y). More generally, we
have evaluation functionals of the form

¢ = oy (p(D)¢) (2.1.16)



17

where p(D) is a differential operator as before.

2.1.4. Differentiation of distributions. In 1 dimension, the derivative
of a distribution w is defined by the formula

<Ul, d)) = —<’LL, ¢/> (2117)
since this is the correct formula if u is (continuously) differentiable and (-, -)
is integration.

EXERCISE 2.1.3. Show that if u is a distribution on R and « = 0 in
the sense of (2.1.17), then w is a constant.

Similarly in R™,
8Ju(¢) = —u((%qb) (2.1.18)
defines the derivative d;u of any distribution u.
As well as being able to differentiate distributions, one can also multiply
by smooth functions: if f € C°°(R"), the distribution fu is defined by the
formula

(fu,0) = (u, f9). (2.1.19)
for any test-function ¢ € Cg°. In particular, C~>°(R") is a module over
C>(R™).

Note also that there is a definition of C~°°(X), where X is an open sub-
set of R"—the space of continuous linear functionals on C§°(X). Just like
functions, distributions can be patched together in the following sense. If X
is covered by open sets X, and a collection of distributions u; € C~*°(X})
has the property that u; = u as elements of C~°°(X; N X}), then there is a
unique distribution u in X with u|X; = u;.

EXERCISE 2.1.4. Prove the equation in R3

1

= m
EXERCISE 2.1.5. If T is an isometry of R and w is a distribution,

suggest a definition of T*u which extends pull-back on functions.

AGg = (50, Gg(l‘) (2.1.20)

2.1.5. LP and Sobolev spaces inside C~*°. Note that we can regard
CY(R™) as a subspace of C~>°(R"). If f € C, the definition we want to make
is

(16 = [ £@)ola)dz 6 € . (21.21)

The integral is certainly convergent. Moreover, if the RHS is known for every
¢ then f € C° is uniquely determined. (In other words, the linear functional
¢ — (f,¢) uniquely determines f € C.) To see this, suppose if possible that
f €0 f(xg) # 0 but (f,¢) =0 for all ¢. By picking ¢(xg) = 1, everywhere
non-negative, and supported in a tiny ball B(zg, ) on which f doesn’t change
sign, we see that (f, ) # 0 a contradiction. The existence of such a tiny ball
follows as in elementary analysis courses from the continuity of f at zg.
Thus we can unambiguously write C° ¢ C~°.
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A harder result of the same kind is

1

ioc Of locally L' functions is, in a natural

PROPOSITION 2.1.6. The space L
way, a subspace of C~°.

PRrROOF. (Cf. Hérmander, Linear Partial Differential Operators I, Theorem
1.2.5). The point is to show that if f € L] = and

loc
/f(x)(b(:c) dz =0 for all ¢ € C§° (2.1.22)
then f = 0 almost everywhere. The proof uses the result that
1
lim/ |f(z) — f(zo)|dz =0 (2.1.23)
t—0 th |z—zo|<t
for almost all zg in place of the continuity in the previous discussion. O

More generally, LP(R™), p > 1, may be viewed as a subspace of C~>°(R").
By Hélder’s inequality implies that LP(R™) C LllOC and since we have already
agreed that LlloC C C7°°, it follows that LP is a well-defined subspace of C'~°°.

By the device of convolution, one can show that any f € LP(R™) can be
approximated by f. € U, i.e.

|fe = fllp = 0 as e = 0.

In fact, the space LP(R™) may be viewed as the metric-space completion of
C§° with respect to the p-norm inside the space of distributions C~°°.

Now that we understand L?(R") C C~°°, we may define the Sobolev space
H?(R™) where initially s is a non-negative integer, to be the set of distributions
u in R™ such that

D% € L*(R™) for all |a| < k.
From its definition, H® is a Hilbert space with the inner product

(u, v)k :/ Z (D%u, D*v) dx

la|<k

(Hermitian pointwise innner product in the integrand.) Note that there are
many equivalent inner products on H* all of which give the same topological
vector space—we shall see this when we look at the Fourier transform of H*
below.

We can define H™? to be the set of all distributions which are finite sums
of the form D®f, f € L? with |a| < s. Then the pairing (¢, ) — [ ¢(z)i(x)
extends to identify H® and H ~° as dual spaces.

These spaces can be localized (i.e. defined for open sets of R™). We shall
also define them using the Fourier transform in the next section.

Although smooth functions are very nice (infinitely nice!) it is very useful
to be able to view PDEs as mapping between Sobolev spaces. Not only does it
allow Hilbert Space theory to be brought to bear in linear problems, it allows
the implicit and inverse function theorems to be applied in nonlinear ones.

It is clear from the definition that if P = p(x, D) is a differential operator
of order < k, then by duality P defines a mappings

P:C *[R") — C"*°(R") and P: Cy>*(R") — Cy>(R").  (2.1.24)
Also for any integer s,
P: H(R"™) — H**R"). (2.1.25)
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This may be thought of as an abuse of notation. After all, the definition of
a mapping should include its domain. In (2.1.25) we are really speaking of
the restriction of the first of the maps in (2.1.24) to the subspace H®, and
are claiming that this restriction is continuous (i.e. bounded) between these
normed linear spaces.

2.2. Support and singular support

If u e C7*° and Q C R" is open, then we define u|Q2, the restriction of u
to Q simply by restricting u to act on C§°(Q2). We say that u vanishes in € if
u|€2 is identically 0 (as a functional).

DEFINITION 2.2.1. If w € C~°, supp(u), the support of u is defined as
follows: xg € supp(u) if there is no open neighbourhood of zy to which the
restriction of u is zero.

In other words, a ¢ supp(u) if there is an open neighbourhood V' of a such
that u|V = 0. It follows from the definition that supp(u) is a closed set.
Similarly, we define singular support:

DEFINITION 2.2.2. If u € C'"~°°, then xzg is in the singular support of w if
and only if there is no open neighbourhood of zy to which the restriction of u
is smooth. The set of all such points is closed and is denoted sing-supp(u).

ExaAMPLE 2.2.3. The d-function g is supported at 0. And this is also its
singular support.

2.3. The Fourier Transform

2.3.1. The Schwartz space and its dual. Recall the Schwartz space
< (R™) consisting of functions f € C°, all of whose derivatives are rapidly
decreasing at co. The Schwartz space is intermediate between C§° and C*°,

O (R™) € F(R™) € C=(R™). (2.3.1)

The topological dual, .#/(R™), called the space of tempered distributions, is
accordingly intermediate between the distributions and those with compact
support:

Cy®R") c S (R™") C CT(R"). (2.3.2)

Polynomials lie in ./ but not .: if p is a polynomial, then

b / p(2)6(z) dz

is a continuous linear functional on . because of the rapid decrease of f.

We didn’t go in to the definition of the topology on C§° but we shall say
a few words about that of .. For each non-negative integer IV, define, for
example,

= max supl|z®D”? 2.3.3
Iflly = max sup "D (233

This is a countable family of norms and, in the usual way, we can turn them
into a metric,

L1 gl
W)= 2 N Ty 7 - gl
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The Schwartz space is defined to be the set of all f for which each of the
IIfl|n are finite, and it is made into a metric space with the above metric.
Equivalently, f, — f in . if for each N,

[fn = fllx — 0 asn — oc. (2.3.4)

The space of tempered distributions is given the weak topology: so a sequence
uy, — 0 in & if and only if u,[é] — 0 as n — oo for each fixed ¢ € 7.

2.3.2. The Fourier Transform. If f € .7(R"), define

o~

o) = / e=i(€9) £ (2) da, (2.3.5)

the Fourier transform in .. This maps . — ¥ because the Fourier transform
interchanges differentiation and multiplication:

~

LeMMmA 2.3.1. If f € Z(R") then the Fourier transform of D;f is &; f(§)

and the Fourier transform of x; f(x) is ijf(f).
We also denote (2.3.5) by .#. From the lemma it follows that .# is a

mapping from . (R") to .(R™). The second R" is really dual to the first
one—it is the space of ‘frequencies’.

EXERCISE 2.3.2. Show that if f € ., then given multi-indices o and
B, the semi-norm sup \ﬁanf(f)] can be estimated in terms of the norm
| fllx from (2.3.3) for some N.

THEOREM 2.3.3. The Fourier transform F is an isomorphism ./ (R") —
S (R™) with inverse

Flig— (23()” /ei@’@g(f) dg. (2.3.6)

PROOF. Let ¢ be the operator defined in (2.3.6). By the same argument
as for .#, ¢ maps . to ., and ¢ applied to D;g(¢) is equal to —z;9[g](x),
while ¢ applied to &;g(&) is equal to 4[D;g](x). Consider T' =¥ o.#. Then

T(x;6(=)) = 9[=D;o(—)] = 2;Te()
and

T(D;é(-)) = 9[&6(-)] = DiT(x).
Thus T commutes with all multiplication and differentiation operators, and it
follows from this (exercise) that 7" must be a multiple of the identity.

The multiple can be determined by evaluation of one particular example
and the Gaussian ¢(z) = e lt?/2 ig a good one to choose: this is because

(0; + xj)¢p(x) = 0 for each j

so the Fourier transform Zs(g) satisfies the same equations and so is a fixed

multiple of elel?/2, Explicit calculation with ¢ shows that T[¢] = ¢, so T is
equal to the identity. O
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By duality, we extend the Fourier transform to .#’, the tempered distri-
butions, through the formula

~

alg] = uld), ¢ € . (2.3.7)
This is justified because if u € ., then the LHS is equal to
/ w(x)e "8 ¢(€) daude (2.3.8)

and we can interchange the order of integration here: when the £-integral is
performed first, we obtain

/ w(z)p(z) dz, (2.3.9)
which is the RHS of (2.3.7).

ExaMPLE 2.3.4. The Fourier transform of dg is equal to 1. Proof:
dol@] = do[g] = $(0) = / o(x) dz. (2.3.10)

More generally, the Fourier transform of D®dy (which evaluates (—D)%¢p at
x = 0) is equal to the monomial £*.

EXERCISE 2.3.5. Calculate the Fourier transform of 9,.

2.3.3. Sobolev spaces via the Fourier Transform. Parseval’s For-
mula states that the Fourier transform is (up to a factor (27)") an isometry
in L?: for functions f and ¢ in .7,

(f,9) = @2m)"(f,9) (2.3.11)

where (—, —) is the hermitian inner product on functions on R".

EXERCISE 2.3.6. Prove this result.

Strictly speaking, to prove that this is an isometry in L? requires an ap-
proximation argument of L? functions by functions in .. We shall ignore
this.

Note that (2.3.11) can be applied to D*f, D®g and gives

(D*f,D%) = (2" [ FOFE . (2.3.12)
Thus for the Sobolev H*-norm, we have
191 = 2m) " [ 3 eeIfe)P e (23.13)
la|<k

It is easy to see that the norm on the RHS is equivalent to either of the simpler
norms

/ (1+ [€[*)|F(€)[? d¢ or / (1+€[%)F| (&) d€ or (2.3.14)

where of course

5P =>"¢. (2.3.15)
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Thus the Fourier transform takes a function in H® into a function in L? with
respect to the measures in (2.3.14).

NoTATION 2.3.7. The notation

(z) = V1+ [z, (§) = v1+I[E>

will sometimes be used as an abbreviation in what follows. This is known as
the ‘Japanese bracket’.

To summarize,

~

f e H¥R™) < (6)°f(&) € LA(R"). (2.3.16)

2.3.4. Convolution. Multiplication of Fourier transforms corresponds to
convolution of the original functions. If f and g are in .%

frg(x) = /f(y)g(ﬂ: —y)dy. (2.3.17)

and

~

fxg=Fa©). (2.3.18)

This operation extends to distributions.

2.4. Parametrices for constant-coefficient operators via the Fourier
Transform

Let p(£) be an elliptic polynomial (with constant coefficients, as the nota-
tion suggests), of degree k. Recall that elliptic means that p(£), the sum of
terms homogeneous of degree k, is non-zero for all real £ £ 0—or in the case
of ‘systems’ that py(¢) is an invertible matrix for all £ # 0.

Let P = p(D) be the corresponding constant-coefficient differential oper-
ator. The equation

p(D)u=f (2.4.1)

if u and f are at least in .#/(R"™) is then equivalent in frequency-land to the
equation

p(©)a(E) = f(©). (24.2)
Now if p(€) # 0 for all £ we could invert this to obtain
() = p(©) ' f(©)- (2.4.3)

We could then transform back to get a ‘formula’ for the solution, but already
here, note what we can read from this equation.

o If f € C®N.Y then fis rapidly decreasing, and so is the RHS of
(2.4.3). In particular, u is also rapidly decreasing, and the solution u
is also smooth. This is a result about regularity of solutions because

a priori, u was only a tempered distribution.
o If f €., then so is u.

REMARK 2.4.1. This may appear obvious, but for the wave equation, for
example, (which is not elliptic) (weak) solutions of the homogenous equation
need not be smooth.
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THEOREM 2.4.2. Suppose that p(§) is elliptic of order k and that u €
L?(R™) satisfies the equation

p(D)u = f, (2.4.4)
where f € H®. Then automatically w € H**. In particular if f € C with

all derivatives in L? (this L* condition just imposes some mild decay at o)
then u € L? implies u € C*.

REMARK 2.4.3. The proof will yield a good deal more, to be expanded
upon in the next Chapter.

Proor. For simplicity suppose that we are dealing with a scalar problem
so p(€) is an honest polynomial, not matrix-valued. Since .# is an isomor-
phism, we may take the Fourier transform of (2.4.4) to obtain

p(©)a(8) = (&) (2.4.5)
The assumptions v € L?, f € H® translate to
de L2 [+ )T de < . (2.4.6)

The ellipticity of p implies that for sufficiently large &, p(§) # 0.

In more detail, the fact that pg(§) # 0 for all £ in the unit sphere |£] = 1
implies, by compactness of this sphere, that |pg(£)| > 0 > 0 for all |¢| = 1. If
q(€) = p(&) — pr(€) is the sum of the ‘lower-order terms’ then |¢(£)| < C|¢|F1
for all [£] > 1, say, and some constant C' depending on the coefficients of g.
By homogeneity,

Pk (€)= 1€ (£/1€1) > d]¢[F.

Combining this with the bound on ¢, we see that
€] > Ri= C/5 = p(€) £0.
Now let x € C*°(R) be a standard cut-off function,
0< x<1Lx(t)=1fort<1,x(t)=0fort>2.

Then
9(&) = (1 = x(I€|/R))p(&) ™ (2.4.7)

is well-defined, because 1 — x is non-zero only for |£| > R and p is invertible
there.
Multiply (2.4.5) by g. We obtain

(1= x(&]/R)AE) = g(&)f(€) = A(€) = x(€l/R)a(€) + 9()F ().  (248)

Since @ € L?, the first term on the right lies in L2(R", (1 + [£]?)*du) for every
s (because y cuts it off to have compact support). By construction of g, there
exists C' > 0 such that

g < C1+1¢)~" (2.4.9)

for all £. Multiplying (2.4.8) by (1+[£])*T* and applying the triangle inequality
and (2.4.9),

(L4 [ Ma(e)] < (1 + €D x(€l/Rya()] + (1 + [€)*+*(g(€)
<L+ €D x(El/Ryae)| + C(L+ [€))?

Taking the L? norms of each side gives

(1 + €D | < Collull + ClI (1 + [€)* F(©)] (2.4.11)

7l
fe

|
£ (£02.4.10)
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Translating back to the x variables we see that the H*- norm of u is bounded
in terms of ||u|| and the H*-norm of f, as required. O

REMARK 2.4.4. Here we used

c(1+[¢) S VI+[EP <O+ [¢])
for positive constants ¢ and C' to replace the weight (1 + |£|?)® in the Fourier
definition of H*® with the weight (1 + |£])?* to simplify the notation.



CHAPTER 3

Pseudodifferential operators: the definitions

3.1. Introduction
Equation (2.4.8) from Chapter 2 can be read as
u(§) = x(&/R)u(€) + g(E)p(D)u (3.1.1)

provided that u is Fourier transformable. Let

1 i€ _ 1
(271’)" /6 9(5) d€7 E(i’) - (27T)”

Because g(¢) is smooth and decreasing like |¢|7F for large |¢|, G(z) € .7 is
not necessarily smooth. By contrast, F(z) € ..
Let us try to understand G better. We can do so by noticing that

(14+€Da)e" = (1 [gf2)ei™ = (6)%S (313)

G(x) =

/ ey (El/R) e, (3.12)

and
D?eixf = g%t (3.1.4)
Recall also that if a function of ¢ is bounded by a multiple of (¢)~"~! (Japanese

bracket) then the integral of this function over R™ is uniformly and absolutely
convergent. So we have for each «, k + |a| = n + 1, that

26(w) = g [(DEe)g(©0(a) de = G [ (Do) a(0(e) e
(3.1.5)
|z9G(x)| < Cy if |a] > n — k. (3.1.6)
Hence
|G(2)] < ng_k (3.1.7)

EXERCISE 3.1.1. Show similarly that |[D?G| < Cj/|z["T1HBI=F and
that if V; are vector fields which vanish at 0, then

Vi--- VG| < Cf|z|" Tk,
(where the constant will depend upon the Vj).

In particular G is smooth on R™ \ 0 and there it blows up no worse than
like a negative power of |z|.

We can also describe G as a derivative of a continuous (decaying) function.
For this, use the identity (3.1.3). Picking N > n+1—kso that N+k > n+1,

25
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and writing

1+ ¢
Inserting this we obtain the formula

G= (2717)” i (]D /(Dx o <(iqf)|2|z;v> (319

r=0

. 1+ ¢D\Y
e”'€:< & ) et (3.1.8)

If the rth term in the sum is expanded, the result is a linear combination of
terms of the form D% g, for multi-indices with |a| = r. Here

1 é‘ag(f) 1€
x) = e'*sd 3.1.10

90(0) = g | i Jepe (3:1:10)
is absolutely convergent because of the choice of IV, and so defines a bounded
continuous (in fact rapidly decreasing) function of . This proves that G can
be written as a sum of derivatives of order < n+ 1 — k of bounded continuous
functions of .

3.2. Schwartz Kernels

The Schwartz kernel theorem is a very reassuring general result about
continuous linear operators from . (R™) into ./(R™). We shall not prove it,
but it motivates the construction and description of inverses and generalized
inverses of differential operators that will be given below.

Suppose that v € #/(R?"). It is clear that if ¢ and ¢ are Schwartz
functions then

¢ B = pri(¢) pri(¥) € S (R™) (3.2.1)
and so u[¢ X 1] is well-defined. If u were a function, this would simply be
[ p)ote)oty) dody. (322)
But we can read this a different way: fixing ¢, we get the linear form
W — ufp X Y] (3.2.3)

on .(R™). In other words, ulp ¥ —] € ., and depends linearly on ¢, so
defines a map T, : .¥ — ./, and this can be checked to be continuous with
respect to the topologies on . and ..

The Schwartz kernel theorem states that conversely, every continous op-
erator A : . — ./ arises in this way, that is A = T,, for some distribution u.
u is called the Schwartz kernel of A and we may non-systematially write K4
for this.

EXERCISE 3.2.1. Write down the Schwartz kernels of the identity, of
p(D), and of p(z, D).

EXERCISE 3.2.2. If f is say a smoothly bounded function (for each «,
|D f(x)| < Cn) and My is the multiplication operator ¢ — f¢, identify
the Schwartz kernels of Mo A and Ao My in terms of the Schwartz kernel
of A. Same problem for the operators Dj o A and Ao D;.
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DEFINITION 3.2.3. An operator R is called smoothing if its Schwartz kernel
Kpr € C*(R™ x R™) and is smoothly bounded.

If P is an operator then a parametriz for P is by definition an operator A
which inverts P modulo smoothing operators:

AP=1+R,, PA=1+R,. (3.2.4)

As we shall see, elliptic (differential) operators admit parametrices, and a
motivation for the development of the theory of pseudodifferential operators
is the systematic construction of such parametrices. Immediate consequences
of the existence of a parametrix are ‘elliptic regularity’ and ‘elliptic estimates’.
Moreover, when transferred to a compact manifold, we shall obtain the full
‘Fredholm package’ for elliptic differential operators on a compact manifold.

3.3. Symbol classes and pseudodifferential operators

Having a parametrix for a differential operator in R™ is clearly a useful
thing. From the Schwartz kernel theorem, a possible approach is to make an
inspired guess of a class of operators, or equivalently Schwartz kernels, which
is simple enough' to be able to work with and general enough to contain differ-
ential operators, smoothing operators, and parametrices for elliptic differential
operators. We shall introduce the class of pseudodifferential operators to fit
these requirements.

To continue the motivation, note that the Fourier transform gives a unify-
ing way to represent kernels which are smooth outside the diagonal of R™ x R™.
For example

Identity operator :  d(z —y) = (2717)” /eif-(:c—y) d¢; (3.3.1)
p(D): (Qi)n / p(€)es @Y dg; (3.3.2)
P D) (271r)n/ ()7 de. (3.3.3)

REMARK 3.3.1. We did not emphasise it at the time but given a polynomial
p(x, &) = Z|a\<k Pa(x)EY there is more than one way to define an associated
differential operator, precisely because D does not commute with x, (even
though £ does commute with x). The option we took before was to put all the
D;j to the right of the po(x), so we defined

p(z,D) =pr(z,D) = pa()
We can also define ‘right quantization’ of p(x,&) by putting all the D; on the
left:
pr(x, D) ZD o polx
If the coefficients of p are real (and scalar), then formal adjoint switches py,
and pg:
pr(z,D)" = pr(z, D) if p is real.

1Simplicity is, of course, in the eye of the beholder: perhaps tractable would be a better
word
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EXERCISE 3.3.2. Find a formula for pg(z, D) in terms of pr(z, D).
(There is a formula involving exp(iD, - D¢)).)

EXERCISE 3.3.3. Find the kernel representations of pr(z, D) and
pR('raD)'

EXERCISE 3.3.4. Extend the discussion of adjoints to the case of sys-
tems, i.e. where p(z, &) takes values in N x M matrices, and p(z, D) maps
C>®(R",CN) — C=(R",CM).

We define symbol classes as smooth functions of (x,£) which generalize the
idea of being a sum of homogeneous functions of ¢ for large £&. There are in
fact several possible definitions. We take one of the simpler ones with uniform
behaviour in x.

DEFINITION 3.3.5. A function a € C*°(RP x R"), with variables z and £ in
the two factors, is called a symbol of order k if for all multi-indices «, 5 there
is an estimate of the form

sup \D?D?a(z,fﬂ < Cople)E1AL (3.3.4)

The space of all symbols of order k is denoted S*(RP;R™). Here k can be any
real number, though in practice it will usually be an integer in our applications.

EXAMPLE 3.3.6. Any polynomial p(z,§) = Z\a|<k Pa(z)EY is a symbol of
order k provided that the coeflicients p,, and all their derivatives, are bounded.

More generally, if h(z,§) is homogeneous of degree k in £ for |£| > R, then
h is a symbol of order k (provided the behaviour in z is suitably uniform). A
finite sum of such homogeneous symbols is still a symbol. This observation
motivates the following refinement of the class S*:

DEFINITION 3.3.7. If k € Z then a € S* is called a polyhomogeneous (‘phg’)
symbol if there exists a sequence a; € Sk=i_ where ay—j is homogeneous of
degree k — j in & for all |£] > 1 such that

N
a—Y ajes N (3.3.5)
=0

for every N. The space of all phg symbols is written Slp“hg.

EXERCISE 3.3.8. Find an example of a symbol of order 0, say, which
is not phg.

The space S* has a topology defined similarly to that of .#. For each
positive integer N we may introduce the norm

lalln = lalljll%‘)i]vsup<§>|5|_k|D§‘D?a| (3.3.6)

in S*. This countable collection of norms gives S* the structure of a Frechet
space for every k.
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Note that S* increases with increasing k. The intersection of all the S* is
non-zero. It is denoted S~°° and we have

ac S <= forevery a,f3, N, there exists Cy q g so that
|D2DYa] < Cypa,p(6) ™. (3.3.7)

Thus we may think of such a as being smooth in z and ‘Schwartz in £’; more
precisely every z-derivative of a(z, &) is Schwartz in &, with all estimates uni-
form in z.

Some basic results about the symbol spaces can be proved in straightfor-
ward fashion by a combination of induction and Leibniz’s rule for differentia-
tion of products. For example, product (a, b) — ab restricts from C*° to define
a continuous map S* x S¢ — SF+¢ for all k and /.

Similarly elliptic symbols have ‘asymptotic inverses’ that are again sym-
bols.

DEFINITION 3.3.9. The symbol a € S* is called (uniformly) elliptic if there
exist R > 0 and § > 0 such that

la(z,€)| > 6|¢|F for all |¢] > R (3.3.8)

PROPOSITION 3.3.10. If a € S* is elliptic, then there exists b € S™F with
1 —ab € S7°°. Moreover, if a is phg, then b is also phg.

PROOF. The definition of b is straightforward, and parallels our construc-
tion of a parametrix for constant coefficient elliptic differential operators. Pick
a standard smooth cut-off function equal to 1 for |{| < R and vanishing for
|€| > 2R. Define

b(z,€) = (1 — x(&)al(z,6) " (3.3.9)
This precisely makes sense because a~! exists where 1 — y # 0. The elliptic

estimate for a gives that the first symbol estimate (in S~*) of b. The others
follow by repeated differentiation of the identity ab = 1 —x and induction. O

REMARK 3.3.11. For ‘systems’ i.e. when our symbols take values in Hom(V, V'),
for two finite-dimensional complex vector spaces V, V', this proposition re-
mains true. The ellipticity condition is now that

a(z; €)1 exists for all |¢] > R (3.3.10)
and its operator norm is bounded by §|¢|7* for |¢| > R (independent of z).
The reason for introducing these spaces is the following;:

DEFINITION 3.3.12. A pseudodifferential operator A in R™ of order k is
defined through its Schwartz kernel

(271T)n/a(x,y; €)es @Y g¢ (3.3.11)
where a € S*(R?";R"). The set of all pseudodifferential operators of order
k is denoted WF(R™). If a € S’Ijhg, then we have a polyhomogeneous pseudo-
differential operator of order k. The space of all pseudodifferential operators
of order k in R" is denoted ¥U* (or W*(R")), and \Ilghg for the subspace of
polyhomogeneous pseudodifferential operators.

For the avoidance of doubt, ¥~ is defined by (3.3.11) with a € S™*°.

KA(xv y) -
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In other words, if u € . (R"),

Au(z) = (271T)n/a(m,y;f)eig’(z_y)u(y) dédy (3.3.12)
-t a(z,y; )y
~ oy [ e n O de (3313)

where u is the Fourier transform of u. Notice that in the second representation
u € . so the integral is absolutely and uniformly convergent, so Au is certainly
continuous. Operating on both sides with :UO‘Df , integrating by parts and
using the symbol estimates shows that in fact Au € .. Later we shall prove
more precisely that

THEOREM 3.3.13. If A € UK(R™), then A is a continuous linear operator
S = S

NOTATION 3.3.14. If a € S*(R™;R") is a symbol, it is customary to write
Op(a) or a(z, D) for the pseudodifferential operator

(2;” / a(z; €)% T u(y) dy.

3.4. Some results about symbols

Au(z) =

We shall often have occasion to write down expressions of the form
I(a) = / o, )€ ) 4g (3.4.1)

where a is a symbol in S*. If k < —n, then this is absolutely and uniformly
convergent and so defines a bounded continuous function of x. (The basic
point here is that (£)7"7% is integrable in n dimensions if § > 0. And the
definition of S* gives a bound on |a| by a multiple of (¢)7%.)

However, we want to be able to handle such integrals when k& does not
satisfy this condition. In this case, I(a) still defines a distribution in .#/(R?").
One approach to deriving results about I(a) might be to replace a by

aj(z,§) = x(&/7)a(z,§), 1 =1,2,... (3.4.2)

where y is a standard cut-off function equal to 1 in a neighbourhood of [¢| < 1,
say, but vanishing for || > 2.

Then a; — a uniformly and with all derivatives on sets of the form R" x
{l¢] < R}, for any given R. Moreover a; is compactly supported with respect
to the { variable, so I(a;) is a very nice integral to which can apply all the
usual tricks (integration by parts, differentiation under the integral sign) with
impunity.

To obtain results about I(a), however, we need convergence with respect
to the topology of the symbol spaces. Sadly, a; does not converge to a in
the topology of S¥. However, it does converge in the topology of S¢ for every
£ > k, and this is sufficient for our applications.

ProroOSITION 3.4.1.

(a) Let x € Cg°({|¢] < 1} with x(§) = 1 in a neighbourhood of £ = 0.
Then x-(&) := x(g€) is uniformly bounded in S° and x. — 1 in S*
for every k > 0.



31

(b) If a € S* and b € S, then ab € S¥** and the map (a,b) — ab is
continuous with respect to the obvious topologies.
(c) If a € S*, then Dg‘D?a e Sk-181,

ProOOF. We give the proof of (i). The proof of (ii) follows by systematic
use of the Leibniz rule and applying the known symbol estimates of a and b.
The proof of (iii) is obvious.

For (i), we start by noting that since x(§) is smooth and has support in
the unit ball, it is certainly a symbol, and so for each £,

IDIX(E)] < C(e) ™1, (3.4.3)

for some constant Cjg.
From the definition of x., we see by the chain rule

D{x:(€) = eP/(Dx) (<€) (3.4.4)
and so
[Dxel < Cpel?l(eg) =, (3.4.5)
If |8| > 0, then for k > 0, then we have
(€514 D0y, | < Cpel (3.4.6)
TR e
Now
(,5>|6|fk o+ ‘§|2)(|,6’\7k)/2
(Bl (1 +e2[¢2)IBI2

(1 + |€]?)1BI=R)/2
5|m(5—2 + ‘5’2)‘6|/2

! k=18
elBl(e=2 + |¢|2)k/2 SE€ , (3.4.7)

using the fact that
1+ ¢
e2 + €2
Substituting this into (3.4.6), we obtain the uniform estimate
(&)PI=F D] < Cgek (3.4.8)

which proves the result unless |3| = 0.
In this case, Taylor’s formula gives

1= x(e9)] < { fﬂi‘g ;'i’_g b (3.4.9)

This can clearly be replaced by the statement

Celle) if el¢] < 1
u—naﬂs{lﬁdﬂ>1' (3.4.10)

<life<l.

where 0 is any number in (0,1). For § in this range, multiply by (£)7%. We
obtain 5
=5 Ce® if el¢| < 1
1—x(€)| < 5 - 3.4.11
@ n-xeol<{ G, (3.411)
This shows that
sup(€) °|1 — x(§)| = O(°)
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for § € [0,1] and completes the proof. a

COROLLARY 3.4.2. If a € S¥, then a. = x(€)a(x;€) € S~ is bounded in
Sk and a. — a in S for every £ > k.

PROOF. Let a-(z;§) = xe(§)a(x;&) where x. is as in the proposition. We
have seen that y. — x in S° for every positive 8. Since multiplication is
continuous (part (ii) of the Proposition) it follows that x.a — a in S¥*7 for
every 9. O

THEOREM 3.4.3. For j = 0,1,2,... suppose that A; € Uk=I(R™). Then
there exists a pseudodifferential operator A € UF(R™) such that, for each N,

N
A=>"A;mod TFNI(R™), (3.4.12)
§=0
PROOF. Since A; is determined by its amplitude a; € Sk=7 it is sufficient

to prove the analogue of (3.4.12) for a given sequence of symbols, that is:
given a; € Sk=7 there exists a € S* with the property that

N
a—>Y aje SN (3.4.13)
j=0

for every N. Then A = Op(a, D) will have the required property.
Let x be a standard cut-off function equal to 1 for ¢t < 1 equal to 0 for
t>2,0< x(¢t) <1 forallt. Set

aj(z; ) = (1 — x(gj5l€l))a;(;€). (3.4.14)
The idea is to choose €; — 0 so fast that
o0
a(w; €)=Y a(x;8) (3.4.15)
j=0
does the job. First note that the assumption that €; — 0 implies that the
sum (3.4.15) is locally finite: when £ is restricted to a ball {|¢| < R}, all but
finitely many terms vanish. So a € C*°(R™ x R™). However, this is not yet
enough to prove (3.4.13).
Let us temporarily denote by | f||,., the p-th norm used to define the
topology of S¥, that is

1£llpw = sup€)™ >~ (©)¥DIDIf] (3.4.16)
o] +18]<p
From this definition it follows at once that
£

We know that (1 — x(g[¢])a;(z;€) tends to zero in S¥=9+! as ¢ — 0 for
fixed j. In particular, for each j, we can choose €; so small that

1 k-1 < 277 (3.4.18)

ww < fll . whenever p <y and v > v/ (3.4.17)

Now fix N and consider the difference
N

a—ZZij = Z aj =TN, say. (3.4.19)

=0 j=N+1
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We need to show that ry € S¥~N~=1 in other words
7N pe—n—1 < oo for all p. (3.4.20)
For fixed p, (3.4.17) says that

llaj}pr—~N—1 < ||lwta;}jr—jr1 <27 J if u<j, k—j+1 <k—N-1lie. j=> N+2.
(3.4.21)
Thus if 4 < N + 2, we write

Ry =Gdnpi+ Y, d (3.4.22)
Jj=N+2
The first term is in S¥~V~! anyhow, and
I Z ajllp < Z lla;llu < Z 277 < oo, (3.4.23)
i=N+2 j=N+2 j=N+2
If 4 > N + 2, we split the sum differently,

pn—1
Ry= > d;+ > a; (3.4.24)
j=N+1 Jjzu
Again, the finite sum lies in S¥~V~! and the (14, k— N — 1)-norm of the infinite
sum is estimated using (3.4.21). This completes the proof. O

REMARK 3.4.4. Given a € S* and a sequence a; € S¥77_ if (3.4.13) holds
for every N, we write

[oe)

a~ a;. 3.4.25
> (
=0

This should be understood as an asymptotic expansion of a for large £. For
the corresponding operators A and A; in (3.4.12), we also write

A~ A (3.4.26)
=0

REMARK 3.4.5. It is pretty clear from the proof that if a’ is another symbol
in S* satisfying (3.4.25), then a — a’ € S, because this is by definition the
intersection of all the S*. Similarly, if A’ is another pseudodifferential operator
satisfying then A — A’ € (), ¥*. We shall see later (Theorem 3.8.1) that this
latter intersection is precisely ¥~ (i.e. operators of the form Op(r, D), where
re ST,

3.5. The symbol and principal symbol of a pseudodifferential
operator

The class of operators ¥* is supposed to be a natural generalization of the
Diff* (at least if k is a positive integer!). In this section we define the principal
symbol of A € U*. For operators associated to general amplitudes a(z,y;€)
as in Definition 3.3.12, we also define the ‘full symbol’ o 4(z; &) which gives a
canonical representation of A.

The input in the Definition 3.3.12 is an ‘amplitude’ a(x,y; ) depending
on 3n variables, whereas the output K 4(z,y) depends only upon 2n variables,
see (3.3.11).
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One should expect therefore, that the map {amplitudes} — {kernels} will
have a big null-space. This is indeed the case. What is true is that there is a
bijective map

TFR™) — SRR, Ar— 04 (3.5.1)
defined as follows. Let e,(x) = ¢”®, and set
oa(@in) = o—y(@) Aley](2). (3.5.2)
Then we have the formula
1 & (x—y)—in-(x—
ralwin) = g [alere e agay (353
and after replacing y by y — x and £ by £ — n in this integral, we have
1 £
oa(z;n) = 2n) /a(az x4 y; &+ n)eY dE dy (3.5.4)

If the amplitude a in (3.3.11) happens to be independent of y, then this reduces
to

1
(2m)"

/ alz; € + 7)€ dndy = / alz; €+ )6(€) dE = alas)
(3.5.5)

oalz;n) =

so that o4(x; &) = a(x; ) in this case.
On the other hand, brushing some technicalities under the carpet, we have

Au = o4(z, D)u, (3.5.6)

as follows by writing u € .% in terms of its Fourier transform. Indeed, applying
A to

) = g [ eeae) ae (35.7)
we obtain
Aufe) = o [lAed@yite)ae
= gy [ ralm e ae
1 i§(z—y)
- G / 04 €)' )y (y) dedy (3.5.8)
as claimed.

This argument shows how to write the pseudodifferential operator A in
(3.3.11) in ‘reduced form’ using o 4(z;&). What we have not verified is that
o4 € Sk, To summarize:

THEOREM 3.5.1. Let A be a pseudodifferential operator of order k. Then
there exists a unique (reduced, full) symbol o4 € S¥(R™;R™) such that

(Zi)n / oa(x; €)@Y) ge. (3.5.9)

Moreover, we have the asymptotic expansion

KA(xa y) =

oa(;&) ~ J DgDa(x, y;§)|y:m : (3.5.10)
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If o4 is the ‘full symbol’ of A, then it is also useful to have a definition
of the leading order term, generalizing the principal symbol of a differential
operator.

DEFINITION 3.5.2. Define Sym* = §%/S*~1. For polyhomogeneous sym-
bols, define Symf)hg to be the space of functions a € C®(R" x (R"\ 0))
(positively) homogeneous of degree k in the second variable,

a(z;t€) = tha(z; €) for all t > 0.

k
phg
then a = a; mod Slgh_gl for large £ where

REMARK 3.5.3. The difference between the definitions of Sym” and Sym

is not as great as it looks. If a € Sghg,
a(x;€) is homogeneous of degree k in £ where defined. But such a function
extends canonically as a homogeneous function for all £ # 0. We are thus
identifying Sym¥, = with the space of these canonically extended homogeneous

- phg
functions.

DEFINITION 3.5.4. If A is a pseudodifferential operator of order k defined
by the amplitude a(z,y;§), then

or(A) = [a(z, z;€)] (3.5.11)

k

where the square brackets denote the equivalence class in Sym* or in Symphg

if A is polyhomogeneous.

Note that if A is in ‘reduced form’, i.e. defined by the amplitude o 4(z;¢),
then o (A) = [o4].

3.6. Fundamental properties of pseudodifferential operators

In this section we gather, without proofs, the main properties of pseudodif-
ferential operators in R™ that make them so useful in the study of differential
operators. The first result concerns the formal ‘algebraic’ properties, includ-
ing the (principal-) symbol exact sequence (3.6.1). Next we have a ‘residuality
result’ which shows in particular that ¥=°° = [, U*. Then we summarize the
mapping properties of pseudodifferential operators acting first on . and then
on Sobolev spaces.

The following three-part Theorem shows that U* enjoys properties very
similar to Diff*:
THEOREM 3.6.1.
(i) Symbol sequence: for every k € R, there is an exact sequence
0 — Ukt 5 wk 25 Sym, — 0. (3.6.1)

(ii) Composition: if A € U* and B € W then AB € WF* (with obvious
interpretations if either k or £ is equal to —oc). The principal symbol
1s multiplicative in the sense that

ok+e(AB) = o1(A)oe(B). (3.6.2)
(iii) The principal symbol map is a x-homomorphism in the sense that
op(A*) = op(A)*, where A* is the L?-adjoint of A.

There is a parallel statement for the subclass of polyhomogeneous operators,
i which everything is adorned with the subscript phg.
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Since differential operators are polynomials, the entire information of a dif-
ferential operator is captured by a finite number of symbols. This is no longer
true of pseudodifferential operators. The next result identifies the ‘residual
space’ of operators in (), Uk,

THEOREM 3.6.2. The space (), Uk s equal to W0, the latter being defined
through symbols of order —oo. It consists of operators with smooth Schwartz
kernels rapidly decreasing away from the diagonal of R™ x R™. If A € U~
there is a unique a € ST such that A = o4(z, D).

Now we move on to mapping properties.

PROPOSITION 3.6.3. If A € U, then A defines a continuous linear map
S = 7.

We prove similarly that

PROPOSITION 3.6.4. If A € UF, then sing-supp(ka) = A, the diagonal of
R™ x R™. In other words, the restriction of the distribution to R™ x R™ \ A is
smooth.

It follows directly from this result that the singular support of Au cannot
exceed the singular support of u if A € ¥*. This is often called the ‘pseudolo-
cality property’ of pseudodifferential operators.

PROPOSITION 3.6.5. If A € W¥(R") and u € ./ (R"), then
sing-supp(Au) C sing-supp(u) (3.6.3)

PROOF. Let x¢ be a point outside of the singular support of f and let
X' be a cut-off function which is identically equal to 1 in a neighbourhood of
xg. Further, choose another cut-off function xy with the property that x is
identically equal to 1 on supp(y’) and with support so small that supp(x) N
sing-supp(f) = (0. (We’ll see very soon why we need these two cut-off functions.
We want to prove that if A € U¥, then Af is smooth near xg, or equivalently
X' Af is smooth. If we write

f=xf+0-x/ (3.6.4)
then
XAf = (A f + (XAQL = x)f (3.6.5)
where the products are to be understood as operator composition. By defini-
tion, xf is smooth and we have seen that A maps smooth to smooth, so the
first term is smooth. As for the second term, the kernel of the operator is

X' (@)(1 = x(y) Kalz,y). (3.6.6)
Now this is supported away from the diagonal for if we put z = y in the x
factors, we obtain x/(z)(1—x(z) = x'(z) — x(2)x/(z) = 0 since x is identically
1 on supp(x’). Remark that if we don’t have x and X’ as defined, we cannot
conclude that x(x)(1 — x(y)) is supported away from the diagonal. O

THEOREM 3.6.6 (Boundedness in Sobolev spaces). If A € U*, then A
defines a bounded linear map H® — H*™F for every s € R.

PRrROOF. To be supplied. Cf. Melrose’s notes, §§2.13-2.16. O

Discussion of compactness also to be supplied.
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3.7. Parametrix construction

Let P = p(z, D) be an elliptic differential operator in R™. A parametrix
is an operator A which is an inverse mod W~°  that is

AP —1€U ™™ PA—1€0 > (3.7.1)

The goal of this section is to show that the existence of such A is essentially
reduced to algebra, given the results summarized in §3.6.

We shall present two slightly different arguments, though there are com-
mon elements to both.

We shall give more details in the next chapter, but let’s consider the case
of composition of PA, where A € ¥* and P € Diff*. So suppose that

Ka(r.9) = s [ ala s ag (3.7.2)
Then ) ‘
Dy Kp = 2y / (& + Dy, )a(z, y; €)== d¢ (3.7.3)
It follows that if P = p(z, D), then
Kpa= @jr) [ plaé+ Dajate. s ) ag (3.7.4)

Since p is smooth in the first variable and polynomial in the second variable
it follows that
b(z,y;€) == p(x,§ + Dr)a(z,y; §) (3.7.5)
1s as symbol of order k+/¢, so B = PA is a pseudodifferential operator of order
k + ¢ and
Ore(PA) = ok (P)og(A). (3.7.6)

PROPOSITION 3.7.1. Let the notation be as above, with P € Diff*, A € W*
and B = PA. Then the amplitude b in (3.7.5) which gives B as a pseudodif-
ferential operator has the formula

bz, y;6) = éag‘p(x; §)Dya(x,y;€). (3.7.7)

«

Note that the sum here is finite, extending only over o with |a| < k.

ProoF. If h is any vector, then by Taylor’s theorem,
1
@& +h) = — 0 (@ Eh. (3.7.8)
«

This is a finite sum, so a little thought shows that we can substitute h = D
here, formally, and obtain the formula

plrs€+ D) = 3 08Dy (379)

«

The result now follows immediately from (3.7.5). O

EXERCISE 3.7.2. Obtain a formula for the composite AP where A is a
pseudo-differential operator and P is a differential operator (without using
the results of §3.6.
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It turns out that this formula extends, in the sense of asymptotic expansion
of symbols, for composition of pseudodifferential operators. See Theorem 77
below.

THEOREM 3.7.3. Let P = p(x,D) be an elliptic differential operator of
order k on R™. (Recall that this means that the part py of p homogeneous of
degree k in & satisfies

k(3 §)| = 6&|* for €] # 0 (3.7.10)

where § > 0.) Then P admits a parametrix in U™F, that is to say an operator
mverting P mod W~

AP=1+R, PA=1+R, RRR €U~ (3.7.11)

3.7.1. Proof via Neumann series. Let us show first that there exists
Ay € U=F such that PAg —1 € U~L. First of all, we know that o4 (P) is
invertible. This means that there is a symbol ag € S~% such that o} (P)ag =
1. By the exactness, there exists Ay € \I/;)fg with symbol equal to ag, and
o0(PAg) = 00(1). So the difference Ry := 1 — PAg € ¥~! as required. We
would like to define A = Ag(1 — Ry)~!, for then PA = 1. We don’t know
that 1 — R; is invertible as an operator so this argument does not quite work.
However, we can work formally, though this requires some more theory which
we’ll come to in the next Chapter.

The usual proof for ordinary geometric progressions shows that

(1-R)(1+Ry+---+RY)y=1—RN*! (3.7.12)
and the RHS is 1 mod W="~1. So if we replace Ay by
Ay =Ag(1+ Ry +---+RY) (3.7.13)
(which is well-defined by the composition theorem),
PAy =1— RN*! (3.7.14)

so we have inverted P mod W—N-1,

We shall see below (see the section on completeness and residuality) that
in fact one can find S € W° such that S ~ Z;io R]. Precisely, this implies
that

R=1-R)Se¥™™ (3.7.15)
Hence if we define A € A; o S we satisfy the first condition of (3.7.11).

Similarly, we find a ‘left parametrix’ B and a smoothing operator 1" such
that Bo P = 1 —T. Now the usual argument in the ring ¥*/WU~°° that
multiplicative inverses of invertible elements are unique shows that B = A mod
U~ In particular B = A + U, where U € U~ and it follows from
BoP=1—-Tthat AoP=1-T+U(1—-T) so A is also a left parametrix
(with R =T+4+U(1-T).

COROLLARY 3.7.4 (Elliptic Regularity). Suppose that P is elliptic of order
k in R™. Suppose that w and [ satisfy
Pu=f (3.7.16)

where u € " and f € S NC®. (This means that f is smooth and doesn’t
grow to fast at o). Then w is in fact smooth.
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Proor. If Pu = f, and A is a parametrix, then left-multiplying by A
gives u = Af — Ru. Since A is a pseudodifferential operator, it maps C'° to
C®°. Since R is smoothing it maps .¥’ to .. Hence u is indeed smooth. [J

REMARK 3.7.5. Little needs to be changed if P is a ‘system’, i.e. if the
symbols are matrix-valued. The ellipticity condition is that pg(z; &) is invert-
ible for all z € R™, £ # 0, and the norm of p,?l(:c; €) is bounded by a multiple
of [¢|7F for all £ # 0.

3.7.2. Alternative approach. We used the full force of the formal prop-
erties of pseudodifferential operators to prove Theorem 3.7.3. We can also
make the construction, only assuming the composition formula of a differen-
tial operator with a pseudodifferential operator as follows.

We start as before with the construction of Ay,

PAy=1+R;, Rie¥ .

From here, we can find A; € ¥—5~1 such that PA; = Ry + Ry, where Ry €
U2, All we ever use is the ellipticity of P and the composition rules for PA
where P is a differential operator and A € ¥*. In this way, we obtain for each
N >0, A;c U~k and R; € U7 such that

To go all the way to an error term in ¥~ we need to be able to take the sum
to infinity of the A; just as we needed to sum to oo the geometric projection
using the other method.

3.8. Proofs and sketch-proofs

We shall prove the results of §3.6 in the following order. First we shall prove
the ‘residuality theorem’, Theorem 3.6.2. Next we shall prove the ‘reduction
theorem’, Theorem 3.5.1. From these two results, the rest of Theorem 3.6.1
follows fairly easily.

Then we discuss the mapping properties—the proof of boundedness and
compactness in Soboleve spaces will be supplied later.

3.8.1. Proof of the residuality theorem, Theorem 3.6.2.

THEOREM 3.8.1. A continuous linear operator A : . (R™) — /'(R™) lies
in Ny UN if and only if the kernel K 4 is smooth and rapidly decaying away
from the diagonal in the sense that for all N and multi-indices o and (3, there
exists a constant Cn g such that

DY DyKa(x,y)] < Cnaple —y) " (3.8.1)
More over, any such operator is the quantization of a symbol of order S™>°.

PROOF. See, for example, Melrose’s notes, Proposition 2.4.
Note that the last part follows from the Fourier Transform. For we see
that, given K4(z,y), we need to find an amplitude a such that

(271)“ / o, )€ @) g (3.8.2)

But if we define g(z, z) = Ka(z,x — 2), (3 8.2) becomes

KA(J/‘, y) =

g(x,2) = Ky(x,x — 2) a(z, €)e€?) dg (3.8.3)
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so that for fixed x, a(x, ) is the Fourier transform of z — g(x, z). Unravelling
the definitions, we see that the decay conditions on K4 translate directly into
the conditions ensuring a € S~°. O

3.8.2. Proof of the reduction theorem, Theorem 3.5.1. The fol-
lowing simple calculation shows that if a(z,y;€) is a symbol of order k which
vanishes on the diagonal x = y then the operator with amplitude a(z,y; &) is
actually of order < k — 1.

To see this, for any given j, consider the kernel with amplitude (z; —
yj)a(x,y;§). The corresponding operator has kernel

Kalew) = oy /(f’fj — yj)a(z, y; )Y de
1

- (QW)n/a($,y;£)D€jei€-(m—y) d¢

1 .
= W/nga(x,y;g)elﬁ'(x_y) d¢. (3.8.4)

By the symbol estimates, we see that the operator is of order < k — 1.

There is a caveat. The amplitude (z;—y;)a(x,y; ) is only in Sk if a(z,y; €)
has some decay for |z —y| — oo (i.e. away from the diagonal). Our definition
of S*¥ requires uniform boundedness (and of all derivatives) in (x,y). This
turns out not to be a serious problem here, for if

b(w,y;€) € (& —y)"SF, ie. (x —y) Hb(z,y;€) € S (3.8.5)
pick a cut-off function y and split b,

b(z,y;€) = x(Jz — y))b(x,y; §) + (1 — x(Jz — y])b(x, y; £). (3.8.6)

The first term on the RHS lies in S* and is supported near the diagonal.
The second term, grows away from the diagonal, but is identically zero in a
neighbourhood of it. One can show, by similar arguments to those elsewhere in
this chapter, that the associated pseudodifferential operator has a smooth ker-
nel, rapidly decaying away from the diagonal, that is, satisfying all estimates
(3.8.1).

The above discussion suggests the following iterative process. Given a(x,y; &),
let ag(z;€) = a(x,z;§). Then a(z,y;€) — ap(x; &) vanishes on the diago-
nal and so is really a symbol bi(x,y;&) of order < k — 1. Then define
ay(x; &) = by(z,x;§) and continue.

This is the reason why we can get rid of the y-dependence in the more
general class of symbols. Here is the exact result:

THEOREM 3.8.2. If a(z,y; &) € S¥(R?™;R™). Then there exists oa(x;&),

ilel

o) ~ D Dy DEa(w, y:6) ly= (3.8.7)
such that
(2;’)” /a(l'ay;f)eigi(z_y)d‘f: (2m) /UA(x;g)eig'(fﬂ—y) de. (3.8.8)

In words, the pseudodifferential operators defined by a and by o4 are equal.
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PRroOOF. Use Taylor’s Theorem with remainder in the form

—)lel —i)lel
awy )= Y C @y ngaror Y T ey By ale 0

la| <N ) la|=N

(3.8.9)
and

1
R €) = /0 (1= )V Dla(z, (1 — ) +ty;€),dt. (3.8.10)

Note that the sum of terms with |a| = j defines a symbol of order k — j
and the remainder term vanishes to order £ — N on the diagonal and so the
corresponding pseudodifferential operator is of order k — N.

More precisely, the same integration by parts argument shows that the
operator with amplitude

(i)

al

(z —y)*Dya(z,z;§) (3.8.11)
is the same as the operator with amplitude
— D¢ Dya(x, x;€) (3.8.12)

Choose an asymptotic sum b(z;&) of the symbols (3.8.11). If B is the
corresponding operator, then we have, for every N,

N-1 N-1
j=0 J=0

where Sy € UF~N. Tt follows that A — B € ¥~°° and we may invoke the
residuality characterization to complete the proof. O

3.8.3. Formal properties continued: adjoints. The L? inner product
for functions on R” is

(u,v) = /v*(az)u(x) dz. (3.8.14)

If A is a pseudodifferential operator with amplitude a(z, y; £), then the (formal)
adjoint A* is defined by requiring

(u, Av) = (A*u,v) for all u,v € 7. (3.8.15)
The following is a simple computation, but is very important:

ProprosITION 3.8.3. The formal adjoint A* of A is a pseudodifferential
operator with amplitude

(@, y;8) — a*(y, z;§).
In particular, if A € U, then A* € UF and
orp(A") = ok (A)*. (3.8.16)

The proof is left to the reader. The result remains true for ‘systems’ if a*
is interpreted as the adjoint (conjugate-transpose) of the matrix a.
Less trivial is the following:
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THEOREM 3.8.4. Let A be a pseudodifferential operator with (full) symbol
oa. Then

jlal
oar = Z — DEDga (:¢) (3.8.17)

[0
We defer the proof.
A corollary of the above considerations is the following:

PROPOSITION 3.8.5. Let A be a pseudodifferential operator with amplitude
a(z,y;€). Then there is a unique ‘left symbol’ 7 4(y;&) such that

Ka(e,y) = @717) [Fatmoet a (3.8.18)
Moreowver, o
5a5:0) = Y2 O D Do), (3:8.19)

PrOOF. Start from the representation of A* in terms of its full symbol
o (x;€). By preceding remarks, it follows that A is also represented by the
operator (3.8.18) where

ga(y;§) = oa(y:€)". (3.8.20)
Now apply Theorem 3.8.4 to obtain (3.8.19). O

3.8.4. Proof of the Theorem 3.6.1. This is now straightforward. The
exactness of the symbol sequence follows immediately by use of the represen-
tation A = Op(oa, D).

As for composition, we prove the following more precise version of (3.6.2).

THEOREM 3.8.6. Suppose that A and B are pseudodifferential operators
with (full) symbols o4 and op respectively Then

oAB ~ Z D5 oa(2;:€) Do (x;€) (3.8.21)

PROOF. This is now very easy. Write A interms of its symbol o 4(z;¢) and
B in terms of its symbol p(y; ). Then

Bu(y) = @/EB(z;n)ei”'(y_z)u(z) dzdn (3.8.22)
and so
ABue) = o [ oAz 6Dz dedydga
T

(3.8.23)
Doing the y integral first produces (27)"6(§ — 7)), so then doing the 7 integral
yields

ABu(z) =

(2717)” / oa(z;€)Fp(2; €)™ Ty (2) dade. (3.8.24)

Since o 4(z;€)op(y;€) is a symbol given that o4 and op are, it follows that
AB is a pseudodifferential operator of order k£ + ¢£. The formula for oap
from Theorem 3.8.6 follows from the formulae for writing a general symbol in
reduced form. 0
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3.8.5. Mapping properties. We shall sketch the proof that if A € UF,
then A is a continuous linear map . — .%. By Corollary 3.4.2, it is sufficient
to show that if a € ST and f € ., then given any u,

[Af e < Cull £l (3.8.25)

for some v, where the constant C),, is controlled by one of the norms on S
Here the subscripts refer to the norms on . (not Sobolev norms!), i.e.

Ifll. =" suplz*D’f|. (3.8.26)
ol +18] <

We start with the base case u = 0. We use essentially the same device as
at the beginning of the chapter, the identity

148 Dy ieey) _ ity (3.8.27)
14 [¢[?
Choose L so large that
L>l+n+1 (3.8.28)

and recall the notation

(€ = 1+ €P. (3.8.2)

We may assume that a = a(y;§). Then

1

Af@) = G / e =W a(y; €) f(y) dédy. (3.8.30)

Since a has compact support we may integrate by parts L times using the
identity (3.8.27), obtaining

. L
asw) = i [esen (8D s acay

L
- (zi)n/ei&(x_y) <1+1\gy2> (a(y; ) f(y)) dédy  (3.8.31)

Since (¢)~Fa(y; ) is bounded by a multiple of (¢)~"71,

Af(@)| <C ( / (g;‘i) 1l < CIf e (38.32)

To proceed further we use induction and some estimates of [A, D] and [A, M;],
where M is the operation of multiplication by ;. The idea is as follows:
DjAf = AD,f — [A, D;]f. (3.8.33)

The first term on the RHS is controlled by the L-Schwartz norm of D;f,
i.e. by the (L + 1)-Schwartz norm of f. The second term on the RHS is
controlled provided that [A, D;| satisfies an estimate similar to (3.8.32). An
estimate similar to (3.8.32) with A replaced by [A, M;], will give a bound on
sup |x;Af].

Now the kernel of [A, D;] is

(D, + Dy, ) K4 (3.8.34)
which is of the form (3.3.11) but with
a(x,y;§) replaced by (Dy; + Dy, )a(z,y;§), (3.8.35)
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since (D, + D,,) annihilates the exponential factor. This is again a symbol,
and in particular we can bound a finite number of its derivatives with respect
to (x,y) by one of the norms on S.

Similarly, the kernel of [A, Mj] is equal to

(z; — yj)Ka(z,y) (3.8.36)
and an integration by parts shows that this is again of the form (3.3.11), where
a is replaced by Dg a(z,y;§). If a is a symbol of order £ then De¢a is a symbol
of order £ — 1 by definition.

Repeated use of these commutator calculations allows us to prove (3.8.25)
for every pu.

3.8.6. Proof of Proposition 3.6.4. The proof is made by copying the
argument starting from (3.1.4). We must replace this equation by

(x —y)%e€ @) = D?eig'(x*y) (3.8.37)
Applying this in the formula for K 4 and integrating by parts,

(z —y)*Ka(z,y) =

(271r)” D¢ a(z,y; £)e€ @) q¢ (3.8.38)
where again we may assume a € S™°° and argue by density provided we
make estimates with respect to the norms defining the topology of S¢. If
|a| = £+n+1 then as before the integral is absolutely and uniformly convergent
and bounded by a multiple of the |a|-norm on S¢. Hence there is a constant
C,, such that

(x —y)*Ka(z,y) < C,. (3.8.39)
From this it follows that |K4(z,y)| < Clz —y|~*""! and in particular K4 is
continuous away from the diagonal. (This is not a sharp bound). A similar
argument applies to estimate

( —y)*Dy Dy K a(,y) (3.8.40)

where the choice of «v (or rather a lower bound for «) is dictated by the choices
of 8 and #.



CHAPTER 4

Pseudodifferential operators on manifolds

4.1. Introduction

In the previous Chapter we moved from using the Fourier transform to
defining a parametrix for constant-coefficient elliptic operators in R™ to the
definition of pseudodifferential operators in R™.

Recall that a pseudodifferential operator of order k£ is an operator A :
S (R™) — #(R™) whose Schwartz kernel has the form

/ alz,y; €)Y de, (4.1.1)

1
KA(CU,y) = (27T)n
where the amplitude a lies in the class of symbols of order k. The set of all
pseudodifferential operators of order k is denoted W* or U*(R™). The subspace
of polyhomogeneous pseudodifferential operators arises by taking a € S’Ighg and
is denoted \I/Ik;hg. Recall that the integral defining K4 is only absolutely and
uniformly convergent if a € S~"~!. Otherwise some fancy footwork is required.
One trick is the observation from the last chapter that S~ is dense in S* in
the topology of S, for every ¢ > k. This means that we can always think of a
formula like (4.1.1) as a limit in which a is replaced by x(¢|¢])a(z;€), x being
a standard cut-off function as in Chapter 3, §3.4.

In any case, the integral defining K, is a tempered distribution on R?"
which is smooth away from the diagonal.

4.2. Pseudodifferential operators on manifolds
Let X be a compact manifold without boundary (connected and orientable,
for the sake of argument).

e Extension of distributions to manifolds;
e Schwartz kernel theorem for manifolds

Remarks about the need for a density.

In particular any linear map A : C*°(X) — C~°°(X) has a Schwartz kernel
K 4(x,y) which is a section of 1 X Q, in other words it is a density ‘in the y
variables’.

e Vector bundle extension

DEFINITION 4.2.1. The linear operator A is a pseudodifferential operator
of order k on X if for smooth functions...to be added

By patching arguments, one proves the analogues of the main theorems
stated in §3.6, more precisely:

THEOREM 4.2.2. Let X be a compact manifold and let E and F' be complex
vector bundles over X.

45



46

(i) Symbol sequence: for every k € R, there is an exact sequence
0— VY X;E F) — UHX,E, F) 25 Sym, (X; E, F) - 0. (4.2.1)

(ii) Composition: if A € W¥(X;F,G) and B € V(X;E,F) then AB €
U X B, G) (with obvious interpretations if either k or £ is equal
to —oo). The principal symbol is multiplicative in the sense that

opit(AB) = op(A)oy(B). (4.2.2)

(iii) The principal symbol map is a x-homomorphism in the sense that
op(A*) = op(A)*, where A* is the L?-adjoint of A (for chosen metrics
on the bundles and a volume form on X ).

There is a parallel statement for the subclass of polyhomogeneous operators,
i which everything is adorned with the subscript phg.

Patching arguments also prove that if A € U*(X; E, F), then A is bounded
as a map between Sobolev spaces H*(X; E) — H* (X, F).

4.3. The elliptic package for differential operators on compact
manifolds

We start by noting that the results of the previous section imply the exis-
tence of a parametrix for any elliptic operator on X:

THEOREM 4.3.1. Let P : C®(X;E) — C®(X; F) be an elliptic operator
of order k, where X 1is compact and E and F are complex vector bundles.
Then there exists a parametric A € W~*(X; F,E) for P, that is an operator
such that

PA=1-Ry, AP=1-Ry (4.3.1)

where Ry and Ro are smoothing operators.

ProOOF. Given Theorem 4.2.2, either of the iterative arguments in §3.7
can be used without essential change. O

Combining this with a little functional analysis, we obtain the following
fundamental theorem.

THEOREM 4.3.2. Let P : C®°(X; E) — C®(X; F) be an elliptic operator of
order k, where X is compact and E and F are complex vector bundles. Then
for every s,

P:H(X;E)— H"®(X;F) (4.3.2)
s bounded and Fredholm. The kernel consists of smooth sections of E and the
range, for any s, can be complemented by smooth sections of F. (One may
choose metrics and take these smooth sections to be a basis for the kernel of
the formal adjoint operator P*.

Moreover, the generalized inverse G defined by inverting P on its range,
picking the solution orthogonal to ker P, and to be zero on the orthogonal
complement of im P lies in V™F(X; F, E) and differs from any parametriz by
smoothing operators.

The facts we needd from functional analysis are:

e The unit ball B in a Hilbert space H is compact if and only if H is
finite-dimensional.
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e A smoothing operator R on a compact manifold is compact in L? in
the sense: if ||f;]] < 1 in L? for all j, then Rf; has an L2-convergent
subsequence.

ProoF. That the kernels of P and of P* consist of smooth sections follows
as in R™: if Pu = 0, then

APu=u— Rju=0 (4.3.3)

and so u = Rju. Since R; is smoothing, u is smooth. First of all, the
existence of a parametrix guarantees that ker P consists of smooth sections of
E. Consider B =ker PN {u: ||ul|r2 < 1}.

Because B = Ri(B) the second of our ‘standard facts’ shows that B is
precompact in L?. Since it is also closed, it is compact. Hence ker P is finite-
dimensional by the first of our standard facts.

We move on to the proof that the range of P : H® — H** is closed.

Let 7 be the orthogonal projection from L?(E) onto ker P and let W =
ker(P)*+ N H*. We claim that there is an estimate of the form:

|| Pul|s—k = C||ul|s for all u € W. (4.3.4)

where C' > 0 and the subscripts denote Sobolev norms.
If (4.3.4) fails, there is a sequence u,, with

ltnlls =1, Pup — 0. (4.3.5)

Applying A, we obtain

Uy, — Riuy, — 0. (4.3.6)
Using that R is compact again, it follows that wu,, has a convergent subsequence,
which we may assume is the original one. The limit, u,, must have norm 1.
Then Pus = 0, yet us is orthogonal to ker P, contradiction.

Now let us show that im P is closed. Suppose that f,, is a sequence in
Im P. In particular there exist u, € Lz(X;E) with Pu, = f,. We assume
that f,, — f, and need to find u such that Pu = f. By replacing u, with
(1 — m1)uy, we may suppose that u, € W. Then (4.3.4) gives

1
lunll < Sl (4.3.7)

and so the u,, are uniformly bounded. Applying the parametrix to the equation
Pu, = f, yields

Up = Riup + Afn. (4.3.8)
Now Af, — Af and since we now know that |u,| is uniformly bounded,
passage to a subsequence gives, again by the compactness of the operator Ry,
that u,, is convergent. The limit must satisfy Pu = f, showing that the range
is closed.

Since the range is closed, the orthogonal complement of PH*(X; E'), which
is isomorphic to ker P* can be identified with the cokernel of P. This shows
everything except that the generalized inverse is a pseudodifferential operator.

We have

GP:1—7T1, PG:1—7T2 (439)
and
AP=1-R, PA=1-R. (4.3.10)

Hence

GPA=(1-m)A=G(1+R)soG=A-mA-GR. (4.3.11)
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Similarly,
APG =A—-Any =G+ RGso G=A— Amy — RG. (4.3.12)

Notice that neither of (4.3.11) or (4.3.12) implies that G is a pseudodifferential
operator, because it is not clear that RG or GR’ is a pseudodifferential oper-
ator. However, we can combine them so that G appears sandwiched between
the smoothing operators R and R’:

G=A-mA+ Amy — AR; + R1GR;. (4.3.13)

Now we are in good shape because the first four terms are all pseudodiffer-
ential operators, and the last is smoothing (being a composite of smoothingx
bounded x smoothing). O

REMARK 4.3.3. Another characterization of the generalized inverse is
GP:1—7T1, PGzl—ﬂ'Q (4314)
where 71 is the L? projection onto ker P and 7 is the orthogonal projection

onto im P+.

REMARK 4.3.4. The existence of the parametrix and its boundedness in
Sobolev spaces implies the standard elliptic estimates

[ulls < C([Pulls—k + l[ullo) (4.3.15)

if s > 0. (Here | - ||o stands for the H" i.e. L?>-norm.)
COROLLARY 4.3.5 (The Fredholm Alternative). Let P : C°(X;E) —
C>®(X; F) be an elliptic operator of order k and suppose that we have metrics

on E and F and a given volume element on X, giving everything L? metrics.
Let P* denote the formal adjoint of P. Then given f € H*(X; F), the equation

Pu=f (4.3.16)
is solvable for u € H*F(X: E) if and only if f L ker(P*).
PRroOOF. Follows at once from the above. O

ExXAMPLE 4.3.6. On a compact connected riemannian manifold X, the
equation Au = f if and only if [ fdu = 0. This follows from the Fredholm
alternative, for A is formally self-adjoint. So the equation is solvable if and
only if f L ker A. But the kernel consists just of the constants:

Au=0= /uAu =0 / |dul? = 0. (4.3.17)
On a connected manifold, du = 0 implies u is a constant.

4.4. Trace and index—topological properties of index

Apart from allowing us to prove the basic properties of elliptic operators in
a considerable degree of generality, one can also obtain some general qualitative
results about the index of elliptic operators.

We have now seen that if X is a compact manifold and P is an elliptic
differential operator of order k& between complex vector bundles £ and F', then
P is a Fredholm operator H*(X; E) — H* *(F). For a Fredholm operator
P, the index is defined as

Ind(P) = dimker P — dim Coker P. (4.4.1)
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The celebrated Index Theorem of Atiyah and Singer gives a formula for (4.4.1)
in terms of topological data (the topology of the bundles E and F' and of the
principal symbol oy (P)).

We shall not say more about this formula, but we shall describe an ap-
proach to its study, via parametrices and traces. In particular, we shall obtain
some qualitative information about the index (in particular some of its stabil-
ity properties—i.e. its invariance under deformation of the operator P).

4.4.1. Trace of a smoothing operator. As usual I am missing out
some details here, but what follows should be nearly self-contained. Let X
be a compact manifold, let £ — X be a complex vector bundle, and let
R:C®(X;E) — C*®(X; E) be a smoothing operator. Recall that this means
that Kr € C°(X x X; EX (E* @ A™)) where the second factor is the tensor
product of the dual of E with the n-forms on X, so that if f € C*(X; E),
Rpri(f) lies in pri(E) ® pry A™ so that the push-forward or integral over the
fibres of pry is well-defined.

DEFINITION 4.4.1. For such a smoothing operator R, the trace of R, Tr(R)
is defined to be

TrR = /A tr(Kg). (4.4.2)

In local coordinates, near the diagonal, K has the form e(z,y) dy, where
e(z,y) € Ey ® Ey. Then the pull-back to the diagonal is equal to e(z, ) dx,
and since e(x,z) € End(Ey), tre(z, z) is well-defined. This is the meaning of
(4.4.2)

EXAMPLE 4.4.2. Let E be a vector bundle over a compact manifold X and
suppose that F is equipped with a fibre metric A and volume element du. Let
V be a finite-dimensional subspace of C*°(X; F). We are going to write down
the Schwartz kernel K of the orthogonal projection operator R onto V.

Let dimV = d and let o1, ..., 04 be an orthonormal basis of V', so that

/ h(O’i, O'j) du == (Sl] (443)
X

(We assume that h is antilinear in the second variable.)
Now for any section f of E, we define a section f* of E* as follows: for
each x € X,

fa i By — C, fiug] = ha(ug, fz) for all u, € E;. (4.4.4)
We claim that

d
Kg(z,y) =Y ej(z) Kej(y). (4.4.5)

d
Kr(z,y)f(y) =Y _ ei(@)hy(fy, ejy)- (4.4.6)

Integration with respect to y now gives
d

[ Brta i@ an, =3 et ([ nrea). @i

J=1
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In particular if f is in the L2?-orthogonal complement of V' then Rf = 0 (since
[ is orthogonal to each of the e;). And similarly, Re; = e; for each j, as
required.

REMARK 4.4.3. It is possible to extend the definition of Tr considerably:
for example to operators whose kernels are merely continuous, but we shall
not need this.

It should also be noted that there is a theory of traces for bounded linear
operators on a Hilbert space H. If dim H = oo, not every operator has a trace.
However, there is a set of operator which do have traces, and this is an ideal in
the algebra of all bounded operators. (Possible references are the little book
on trace ideals by Barry Simon, or Hérmander, Analysis of partial differential
operators, Chapter 19, Volume III.)

From the above considerations, it follows if R is orthogonal projection onto
V', then
dimV = Tr(R). (4.4.8)

Now let P be an elliptic operator between bundles E and F over X. Let
G be the generalized inverse as in Theorem 4.3.1 and let 7 be the projection
onto ker P, w9 the orthogonal projection onto ker P*,

GP=1-m, PG=1—m,. (4.4.9)
Hence
Ind(P) = dimker P — dimker P* = Trm — Trma. (4.4.10)

Combining this essentially trivial result with formal properties of the trace,
we obtain the much more useful

THEOREM 4.4.4. Let P be elliptic as above and let A be a parametriz, so
AP=1— Ry, PA=1-— R,. (4.4.11)
Then
Ind(P) =Tr Ry — Tr Ry (4.4.12)
The key to proving this is the commutator property for the trace:

PROPOSITION 4.4.5. Let A be a pseudodifferential operator and let R be
smoothing. Then

Tr(AR) = Tr(RA). (4.4.13)

PROOF. By partitions of unity subordinate to trivializing coordinate charts,
we reduce the result to proving that if A is pseudodifferential operator in R™
and and R is a smoothing operator supported in a ‘box’ {|z| < r} x {|y| < r},
then (4.4.13) holds for such A and R. If A were smoothing the result follows
from the formulae for composing smoothing operators, for

Kap(z,z) = / Alw,y)R(y, 2) dy, Kra(,2) = / Rz, 4) Ay, =) dy.

(4.4.14)
Hence

Tr AR = /tr(A(m,y)R(y,x))dxdy, Tr RA = /tr(R(m,y)A(y,x))d:cdy.
(4.4.15)
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That these are equal follows from interchanging x and y in the second, and
using the fact that pointwise,

tr A(z,y)R(y, z) = tr R(y, z)A(x, y). (4.4.16)

(All integrals and manoeuvres are well-defined because R is compactly sup-
ported in a box.) The general result follows from this by approximating the
kernel of A by smoothing operators. We know that this can be done by Corol-
lary 3.4.2 from Chapter 3. U

PROOF. (of Theorem 4.4.1). Let A be any parametrix, G the generalized
inverse. We have seen that G is a pseudodifferential operator and differs from
A by a smoothing operator, S, say, so

G=A+S. (4.4.17)
Then
l1-m=GP=(A+S)P=1— Ry + SP so that Ry =7 + SP. (4.4.18)
Similarly,
Ry =my + PS. (4.4.19)
Hence
TrRy =Trm + Tr SP, TrRy = Trmg + Tr PS = Trmg + Tr SP. (4.4.20)
since S is smoothing. Subtracting,
Tr Ry —Tr Ry = Trmy — Trmp = Ind P. (4.4.21)
O

From this result, we obtain the following stability result for the index:

THEOREM 4.4.6. Let P, : C®(X;E) — C®(X;F) fort € [0,1] be a
continuous family of elliptic operators of order k. Then

Ind Py = Ind Py. (4.4.22)

REMARK 4.4.7. The continuity is easily defined either by working locally
and demanding that the coefficients, with respect to trivializations which are
independent of ¢, depend continuously on ¢, or by us of a fixed connection to
define P; and demanding that the various symbol maps (see Chapter 1) are
all continuous in t.

EXAMPLE 4.4.8. As a particular case, suppose that P and @ are two elliptic
operators with o (P) = 0,(Q). Then P — Q = L, say, is of order < k — 1.
Then if we set

P=(1—t)P+tQ=P—tL (4.4.23)
we have oy, (P;) = o (P) for all t. The theorem applies and gives
Ind P = Ind Q. (4.4.24)

To be colloquial, the index doesn’t depend on the ‘lower order terms’ of an
elliptic operator.
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PROOF. Since X is compact, we may choose a cover of X by trivializing
coordinate charts, and also fix once and for all a partition of unity subordinate
to this cover. We can use these data to define a definite ‘quantization’ or
‘lifting” map

SF(X) — UF(X). (4.4.25)
Using this, given a continuous family of elliptic operators P, one can show
that there exists a continuous family of parametrices A;. Then automatically,
the error terms R; and R} will depend continuously on ¢ since

R,=1- AP, R,=1-PA,. (4.4.26)

Hence t — Tr R; and t — Tr R} are continuous in ¢t and so is their difference,
which, for each t, is equal to Ind P,. However this is an integer, so must be
independent of ¢. The result follows. O

This result shows two highly significant properties of the index. From the
topological point of view, it shows that one can define a map from homotopy
classes of elliptic symbols to Z: pick a symbol in the homotopy class, lift it
to an operator then map to the index. By the above results, the integer is
independent of all choices. This is usually called the analytic index a-Ind of
an elliptic symbol. In the early 1960’s Atiyah and Singer defined another map,
t-Ind from elliptic symbols (better interpreted in terms of K-theory). ¢-Ind is
defined in purely topological terms. They proved that t-Ind = a-Ind giving a
‘formula’ for a-Ind in purely topological terms.

On the other hand, another aspect of Theorem 4.4.1 is that it shows that
the the index of an elliptic operator is expressible, at least in principle, in
terms of traces and hence as the integral of a top-degree differential form over
X. Note that the smoothing operators we need the traces of are in principle
determined algorithmically by the coefficients of our operator P.

In the second part of this course, this idea will be pursued for elliptic oper-
ators of ‘Dirac type’. This will yield the index of operators of Dirac type as the
integral of an explicit differential form on X: moreover, this differential form
has a natural interpretation in terms of characteristic classes of the bundles
involved.



CHAPTER 5

Elliptic complexes and Dirac operators

5.1. Introduction
5.2. Elliptic complexes

A complex (E°, D) is a sequence of bundles and differential operators

0——C=(EY) 2% o (EY) 2y 0%(E?)...c=(EN) 0. (5.2.1)

with the property D?D’~! = 0 for all j. The canonical example is the de
Rham complex in which £/ = AJT*X and D’ = d. In order to simplify
things, we shall assume that in general all the D7 are of order 1 and we shall
abuse notation by denoting them all by D. We tacitly assume that all the
EJ are genuine non-zero vector bundles, but it is sometimes convenient to
augment (5.2.1) by adjoining E~! =0 and EVN*! = 0.

The condition D? = 0 means that the (generalized) cohomology groups
are defined,

ker D : C®(X, E) — OC*®(X, Et1)

HY(E,D) = DO (X, BT} (5.2.2)

These spaces can be quite bad in general, but not if the complex is elliptic:
Passing to symbols, (5.2.1) gives rise to a sequence of bundle maps

D), D),
0 g0 Phe proDhec po o pN g (5.2.3)

for each (z,&) in the total space of T*X. D? = 0 implies that o(D)? = 0 by
the formal properties of the symbol.

DEFINITION 5.2.1. The complex (5.2.1) is elliptic if the symbol sequence
(5.2.3) is exact for all (z,&) with £ # 0.

We shall prove a generalized Hodge theorem for elliptic complexes, to the
effect that the cohomology spaces are finite-dimensional and that each coho-
mology class has a unique harmonic representative. But first some examples.

EXAMPLE 5.2.2. De Rham complex Let E” = A"T*X. Then C*°(X; E") =
Q"(X) is the space of differential r-forms on X, and we have the exterior
derivative d giving us a complex. The symbol map is

ore(a) =i N (5.2.4)

It is an interesting to check that the complex is elliptic, i.e. that if £ A 5 =0,
there exists o such that g =& A a.

ExamMpLE 5.2.3. If X is a complex manifold, of complex dimension m,
say, there is a bigrading of the (complex-valued) differential forms, where
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QP4(X) consists of the forms with ‘p dz; and ¢ dz;” in their local expres-

sions, (z1,...,2m) being local holomorphic coordinates. The exterior deriva-
tive breaks as a sum
d=090+0, 0: QP71 - QPFha 5. QP9 — QP (5.2.5)
These satisfy
92=0,0" =0,00+00 =0 (5.2.6)
by virtue of d?> = 0. In particular, for fixed p, we have the complex
0 0r0x) S ari(x) 2 ... 5 arm(x) -0 (5.2.7)

with cohomology HP*(X) (the Dolbeault cohomology groups).
There is a generalization: if E — X is any holomorphic vector bundle, one
can define a ‘twisted’ 9 operator, denoted Jg, such that

0p: Q°(X; E) — Q¥Y(X; E) (5.2.8)

which satisfies the Leibniz rule relative to 0 (g (fs) = 0f ® s + f ® dgs for
every function f and section s) and such that Ogs = 0 in U C X if and only
if s is a holomorphic section of F in U.

Then there is a unique extension of (5.2.8)

QX E) = QY X E) = Q"X E) = - — QY™(X; E) (5.2.9)

defining a complex. The p-th cohomology group is denoted HP(X; O(E)) and
is isomorphic to the sheaf cohomology of the sheaf &(F) of holomorphic sec-
tions of E. Such groups are very important basic invariants of complex mani-
folds. If we take E to be the p-th exterior power of the holomorphic cotangent
bundle, (5.2.9) reduces to (5.2.7) so HP? is the g-th sheaf cohomology group
of AP(T10)*.

EXAMPLE 5.2.4. Deformation complex. Elliptic complexes often arise in
the study of moduli spaces. For example, suppose that X is a compact rie-
mannian 4-manifold and F — X is a bundle with hermitian metric. If A is a
unitary connection on E, the curvature F'(A) is a 2-form with values in End(F)
(more specifically, the skew-adjoint endomorphisms of E). In 4 dimensions,
there is the decomposition Q% = Qi @ Q2 of the space of 2-forms, the +1 and
—1 eigenspaces of the Hodge * opearator. The connection A is called anti-self
dual (ASD) if the component F(A)" of F(A) in Q2 (X;End(E)) is zero.

The moduli space of all such instantons

M={A:F(A)" =0}/ Aut(X : E) (5.2.10)

has been much studied and led Donaldson and others to revolutionary results
about the differential topology of 4-manifolds.

We state without proof that the tangent space T{A].# at a (gauge-equivalence
class of) the connection A is the cohomology of the complex

0— QU(X;u(E)) —» QYX;u(E)) — Q3 (X;u(E)) — 0. (5.2.11)

Here u(F) is the bundle of skew-adjoing endomorphisms of E. The middle
space represents an infinitesimal variation a in A and the map to Q2 (X : u(E)
is the linearization a — dfga of the ASD equations. The first map ¢ — da¢
is the infinitesimal action of the group of gauge transformations Aut(E) on the
space of connections. One can check that this is an elliptic complex provided
that F(A)"™ = 0. Under good conditions (see the book of Donaldson and
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Kronheimer, for example) the moduli space is smooth at [A] with tangent
space equal to the first cohomology of this complex.

5.2.1. Generalized Hodge Theorem. Return to a general elliptic com-
plex (E, D). Choose hermitian metrics on the bundles £E7 and a volume ele-
ment on X. Then for each j,

D:C™(X;E') — C™(X; B/ (5.2.12)
has an L? adjoint
D*: C*®(X; B’y — C>(X; EY) (5.2.13)
We now make the following construction. Define
Wo =P EY, Wi =pEV (5.2.14)
J J

and Lo = D + D* acting from Wy to Wy and L1 = D+ D* acting from Wy to
Wy. More precisely Lg involves only the D% and the adjoints (D%+1)*  while
for Lq it is the other way around.

PROPOSITION 5.2.5. The complex (E, D) is elliptic if and only if
LO : COO(X;W()) —)COO(X,Wl) (5.2.15)

is elliptic (if and only if Ly is elliptic). In this case the two ‘Laplacians’ Ly Ly
and LoL1 are also self-adjoint elliptic operators.

REMARK 5.2.6. Both LyLo and LoL;y are operators of Laplace type and
preserve the degree. More precisely, acting on s € C®(X; E%),

LiLos = (D¥)*D% + D¥=1(D%~1)*, (5.2.16)

PrOOF. We show first that LiLg is elliptic if and only if the complex
(E, D) is elliptic. Let us simplify notation even further by just writing o =
o(D) and 0* = o(D)* = o(D*). (It is to be understood that the symbols are
all evaluated at some fixed £ # 0.) Then

o(L1Ly) = oo™ 4+ c*o. (5.2.17)

We have seen in (5.2.16) that Lj Lo preserves degree and maps E2j into itself.
Thus to check that (5.2.17) is an isomorphism it is enough, by elementary
linear algebra, to check that it is injective on E% for each j.

So suppose that the complex is elliptic and that e € E% is annihilated by
(5.2.17),

(00" + 0% 0)e =0. (5.2.18)
Taking the inner product with e we learn that
lo*e|? + |oe|> = 0 and hence ge = 0, 5% = 0. (5.2.19)

Since the complex is elliptic, there exists n € E*~! such that on = e. But
then the last of (5.2.18) gives o*on = 0, hence on = 0. Hence e = 0 as
required.

Conversely, suppose that LjLg is elliptic so that (5.2.17) is invertible.
Given e € E% with o(e) = 0, we must find € E%~! such that o(n) = e. For
this, let A be the inverse of (5.2.17) and set

n=o"Ae. (5.2.20)
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Then 7 does the job. The crucial observation is that the endomorphism oo*
of E% commutes with A. This follows at once because oo* commutes with
oo* + o*o. Hence

o(n) =oc0*Ae = Ao (c0*)e=AA"le=¢ (5.2.21)

where in the third equality we used o(e) = 0.

We finish off the proof by noting that the ellipticity of L Lg is equivalent to
that of Lo (or L1). This uses exactly the same kind of positivity arguments and
D? = 0 that we’ve seen before. Indeed, since o(L1) = o(Lo)* it is elementary
linear algebra that o(Lg) is an isomorphism if and only if o(Lg)*o(Lo) is an
isomorphism. O

It is customary to denote LiLy by A, the generalized Hodge Laplacian
associated to the elliptic complex.

THEOREM 5.2.7. Let X be a compact manifold and let (E,D) be an el-
liptic complex over X. Then the cohomology groups H'(X;E’) are finite-
dimensional for each j.

Moreover, for each j, we have the decomposition

L2(M, E?) = ker(D + D*) @ Im D @ Im D*. (5.2.22)

and hence every cohomology class in H? has a unique harmonic representative.
The index of D + D* is equal to the Euler characteristic of the complez.

THEOREM 5.2.8. If (E, D) is an elliptic complex over a compact manifold,
then the cohomology groups are finite-dimensional. The direct sum of the even
cohomology groups is identifiable with the null-space of L, the direct sum of
the odd cohomology groups is identifiable with its cokernel.

REMARK 5.2.9. This result includes the important facts that the de Rham
groups of a compact manifold are finite dimensional and also that the Dol-
beault groups of a compact complex manifold are finite-dimensional.

5.3. Operators of Dirac type

The operator Ly associated to an elliptic complex (first-order, as always
here) has the property that o(Lg) is an isomorphism, hence the second-order
symbol o(Lg)*o(Lg) is an isomorphism. For the de Rham and Dolbeault
complexes, this second-order symbol turns out to be |£|? times the identity,
where the length-squared of £ is computed using the same metric used to define
the adjoint.

Indeed, if « is a form of degree k, then

o(d)e(e) =iE Na, o(d")e(a) = —iiotaca (5.3.1)

where in the second we really have £ the vector associated by the metric with
the cotangent vector &.

To figure out o(d + d*)?, we may suppose that ¢ = |£|e; and consider
separately the cases & = e; A 8 on the one hand and that a contains no
e1-term on the other. If @ = e; A 5, then

ilfler N =0, —il€]ee, = —i[¢]B, (5.3.2)
where 3 has no e;-term. Hence for such «,
o(d+d")i(a) = iléiler A (—il¢]B) = I¢[Pa. (5.3.3)
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The computation is essentially the same in the case that « is a form with no
e term.

Different authors use slightly different terminology, but let us say that a
first-order, (formally) self-adjoint operator

P:C*(X;S) — C™(X;S5) (5.3.4)
is of Dirac type if and only if
o(PE=1¢®1 (5.3.5)
Here S is a hermitian vector bundle.

ExXAMPLE 5.3.1. Suppose dim X is odd. Consider the de Rham complex,
equipped with a metric coming from a riemannian metric on X. Let Wy
and Wi be, as before, the sum of the even and the odd form bundles over
X. Although these are not literally the same, they are isomorphic by the x
operator. In odd dimensions, the x-operator maps even forms to odd forms
and vice versa. So the operator

* (d+d*) = xd + dx (5.3.6)

is a self-adjoint operator from Wy to itself. By the above computations, it is
an operator of Dirac type.

EXAMPLE 5.3.2. Suppose that dim X is even and consider the de Rham
complex as in the previous example. Now W, and Wj are not in general
isomorphic (consider for example X = S?). However, if we combine them and
the first-order operators Ly and L as follows:

L= [[(1)0 LOI] ,L: C®(X;Wo @ W) — C(X; Wo @ W) (5.3.7)
then L is self-adjoint and
2_ [L1iLo O
L™= [ 0 Lol (5.3.8)

so that L is of Dirac type.

EXAMPLE 5.3.3. There is a similar discussion for the Dolbeault complex
and 949 .
5.3.1. Clifford algebras. Let V be a real euclidean vector space. The
Clifford algebra of V is the polynomial algebra on V subject to the relations
wu + vw = —2(w, v). (5.3.9)
It is denoted by Cl(V).
PROPOSITION 5.3.4. Let V' be a real euclidean vector space of dimension

n. As a vector space, CI(V') is isomorphic to the exterior algebra A*V. In
particular it has dimension 2".

PROOF. If we choose an orthonormal basis (ej,...,e,) of V, then the
Clifford algebra relations become
e? = —1,ee; = —eje; if i # j. (5.3.10)

The tensor algebra on V consists of linear combinations of elements of the
form
Ca = €ay " Cay (5.3.11)
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We claim that in C1(V') this is equal to an element of the form
tegep, €3 where 01 < B2 < -+ < . (5.3.12)

To see this, suppose that a1 < -+ < ), but a1 < ap. If app1 = o =4,
say, then e;e; appears and this is equal to —1. Thus in CI(V), e, = e, where
|&’| = |a| — 2. We may assume by induction that we have already dealt with
such terms.

If i = apy1 < o = j then either i € {aq,...,0p—1} or not. In the first
case, we can keep moving the e; to the left, changing signs each time, until
it meets the e; in eq, -+~ €q,_, at which point it explodes to give —1. Once
again we have reduced to a monomial with 2 fewer terms which we suppose
we already know how to deal with. In the opposite case, we move e; to the
left, changing signs each time, until the first p + 1 of the e,, are in the right
order. This gives an inductive method to start from any ‘word’ in the e; and
turn it into a correctly ordered word in a finite number of steps.

The result follows since the e, with a3 < --+ < ay form a basis for the full
exterior algebra on V. O

The proposition shows that the algebra structure of C1(V') gives another
algebra structure on A*V. It is not hard to describe this structure.

PROPOSITION 5.3.5. When CI(V) is identified with A*V', we have
vea=vAa+a, (veV,aeA*V) (5.3.13)

where 1, 15 interior product with the element of V* dual to v by the metric.
The product of two arbitrary elements of A*V is uniquely determined by this
formula.

REMARK 5.3.6. One can consider more generally C1(V, Q) where @ is a
(non-degenerate) quadratic form on any finite-dimensional real vector space.
There is an elaborate theory of the structure of these algebras, which depends
on the dimension of V' and the signature of Q.

5.3.2. The spin representation. To be written
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