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Commonly used coordinate systems
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Cartesian and cylindrical polars 
in the plane

3D Cartesian and spherical polars

Navier-Stokes equations in various forms.

In vector form,

ρ

[
∂u

∂t
+ (u·∇)u

]
= −∇p+ ρg + µ∇2u, divu=0.

In what follows, gravity (body force) is omitted.

In non-dimensional variables,

∂u

∂t
+ (u·∇)u = −∇p+ 1

Re
∇2u, divu=0.
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In Cartesian components, in 3D,

ρ

[
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

]
= −∂p

∂x
+ µ

[
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

]
,

ρ

[
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

]
= −∂p

∂y
+ µ

[
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

]
,

ρ

[
∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

]
= −∂p

∂z
+ µ

[
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

]
,

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0.

In 2D,

ρ

[
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

]
= −∂p

∂x
+ µ

[
∂2u

∂x2
+
∂2u

∂y2

]
,

ρ

[
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

]
= −∂p

∂y
+ µ

[
∂2v

∂x2
+
∂2v

∂y2

]
,

∂u

∂x
+
∂v

∂y
= 0.

In cylindrical polars, (r, θ, z),

ρ

[
∂ur
∂t

+ ur
∂ur
∂r

+
uθ
r

∂ur
∂θ

+ uz
∂ur
∂z
− u2θ

r

]
= −∂p

∂r
+ µ

[
1

r

∂

∂r

(
r
∂ur
∂r

)
+

1

r2
∂2ur
∂θ2

+
∂2ur
∂z2

− ur
r2
− 2

r2
∂uθ
∂θ

]
,

ρ

[
∂uθ
∂t

+ ur
∂uθ
∂r

+
uθ
r

∂uθ
∂θ

+ uz
∂uθ
∂z

+
uruθ
r

]
= −1

r

∂p

∂θ
+ µ

[
1

r

∂

∂r

(
r
∂uθ
∂r

)
+

1

r2
∂2uθ
∂θ2

+
∂2uθ
∂z2

+
2

r2
∂ur
∂θ
− uθ
r2

]
,

ρ

[
∂uz
∂t

+ ur
∂uz
∂r

+
uθ
r

∂uz
∂θ

+ uz
∂uz
∂z

]
= −∂p

∂z
+ µ

[
1

r

∂

∂r

(
r
∂uz
∂r

)
+

1

r2
∂2uz
∂θ2

+
∂2uz
∂z2

]
,

1

r

∂ (rur)

∂r
+

1

r

∂uθ
∂θ

+
∂uz
∂z

= 0.
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In spherical polars, (r, θ, φ) ,

ρ

[
∂ur
∂t

+ ur
∂ur
∂r

+
uθ
r

∂ur
∂θ

+
uφ

r sin θ

∂ur
∂φ
− u2θ

r
−
u2φ
r

]
= −∂p

∂r
+ µ

[
1

r2
∂

∂r

(
r2
∂ur
∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂ur
∂θ

)
+

1

r2 sin2 θ

∂2ur
∂φ2

−2ur
r2
− 2

r2 sin θ

∂

∂θ
(uθ sin θ)−

2

r2 sin θ

∂uφ
∂φ

]
,

ρ

[
∂uθ
∂t

+ ur
∂uθ
∂r

+
uθ
r

∂uθ
∂θ

+
uφ

r sin θ

∂uθ
∂φ

+
uruθ
r
−
u2φ cot θ

r

]
= −1

r

∂p

∂θ
+ µ

[
1

r2
∂

∂r

(
r2
∂uθ
∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂uθ
∂θ

)
+

1

r2 sin2 θ

∂2uθ
∂φ2

+
2

r2
∂ur
∂θ
− uθ
r2 sin2 θ

− 2 cos θ

r2 sin2 θ

∂uφ
∂φ

]
,

ρ

[
∂uφ
∂t

+ ur
∂uφ
∂r

+
uθ
r

∂uφ
∂θ

+
uφ

r sin θ

∂uφ
∂φ

+
uφur
r

+
uφuθ cot θ

r

]
= − 1

r sin θ

∂p

∂φ
+ µ

[
1

r2
∂

∂r

(
r2
∂uφ
∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂uφ
∂θ

)
+

1

r2 sin2 θ

∂2uφ
∂φ2

+
2

r2 sin θ

∂ur
∂φ

+
2 cos θ

r2 sin2 θ

∂uθ
∂φ
− uφ
r2 sin2 θ

]
,

1

r2
∂ (r2ur)

∂r
+

1

r sin θ

∂

∂θ
(uθ sin θ) +

1

r sin θ

∂uφ
∂θ

= 0.
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