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Recall : A persistence module is a collection

of vector spaces and maps G. s
: He ( Xx ) → He ( Xp )

if Leo
.

A persistence module hers a persistence diagram
There is a matching distance between diagrams
called the bottleneck distance

.

Stability Thin Let f :b → IR
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Distances between modules '
 Let F ! G denote

persistence  modules ( not  necessarily over the Sanae

space .

F I G are E . interleaved if the following
diagrams commute
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Quadrant Lemma

Recall - A point k
,
B) in Dgm Cf ) implies an element

in im ( He ( XL ) → He C XD )
,

ie a class is born at

L 's
,

dies a A
.

Quadrant Assume there are no topological
changes at L 's

,

A
,

The number of points in

Dgrn Cf ) that are in the upper
- left quadrant

of CL
,

A is equal to me l in Helm -7 He ( xn )

• T Him ) Note: this point represents
an element born

.

before L ( since 8cL )
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Denote the # of points in the upper - left quadrant of
( r

,
s ) ( or  r k im He LXI → He by Bic's n o -

The r
,

s persistent Betti number

Quadrant lemma
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Proof '

. Assume F  NEG
,

there exists a diagram

gHid Gr
. a

) > He Caste )
7

Y 2 y
He Cfr ) 7 He ( Is )

f

By the definition of E - interleaving , g= To foe

Hence rk Cim f) 3 rk C im Yo fog ) = rk C im g)
This implies the result

.

Remark If you are comfortable with diagram
chasing ,

the above is obvious otherwise try to

prove the above diagram commutes
using the

definitions of E - interleaving .



What does this imply ?

We can upper
bound the

number  of points in quadrant
• F

G ( rid i - D
gun

(a) by
•

He of points  i - quadrant

( rte
,

s - a in Dozen (F)

Generalization '
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Assumption i all chosen values do not  correspond to

topological changes .
r is a homological regular

Value if there  exists a  neighborhood ( r - J
,

rest such that

for all LEGE ( r -
S

,
rt 8)

Hackl Hel Xo )

Q1 Why is this ok for finite simplicial complexes
In the original paper ,

there is a
small mistake

in how homological regular value is defined
can you figure out the problem ? Heit : it does

not  appear
when considering simplicial complexes .

Box Lemme : Let F I G be e - interleaved
.
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Reinark : # of points in a box in Dgm (G) can

be upper bounded by # of points in E- bigger box

in Dgm CF )
.

Proof at the end



Easy Bijection Lemma

First
,

observe that if F - es
,

then for every point in Dgm # I

which is further them C away from the diagonal ,

ie the bar is of length at least 2E
.

,
there  is a corresponding

point in D
gun Cbd . .

This is called the Hausdorff
distance

[
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Say we ace lucky ,
F ! 9 are e - interleaved

, where

all points in D
gun

LF ) are 2C - separated from

each other I
,

the diagonal .

Then the box lemma

implies
dig LD

gun
LM

, Doped ) E C

Proof : The box lemme around each point  in Dgm (F)

implies there  is an  injective set map Dgu (F) → Dagen (4)

with longest edge of length at mostE. Likewise the box

lemma around each point in Dope CG) implies the
map

is a bijection .



Restatement
i

b Serve . For  

every point p in the persistence diagram
of F ( Dogen Cfl )

,
there  must be a

point in the E - box around p C IIE )
i -

the persistence diagram  of G
( Dgur

Proofs : Quadrant Leeuwen

Easy case : If E is small enough such that

all points are at least 2E apart ,
then the

bottleneck distance is bounded fro - above by E
.

Pf : Construct the following matching : for  each

point  p
e Dgurcf ) there  exists a point qeDgmCg) , by

the Quadrant Lemma
.

However by the assumption on

Separation  of points ,
there is no  other point  in

Deyu Lf ) which is within E of q .
Hence it is

a bijection .

nah Step : Reduce general case to
easy case

via interpolation .



Interpolation

Lemma : Let Dfo - f, Ho EE 's
, ft = 4- t ) fo t tf

, for teco
,

D

then
,

H fo - ft Haste ! Hfe - f Has a - the

Corollary : If we have a sequence of functions

f
, ,

he
,

. .
. fu such that HF .  - fi - 1¥ Ei

,

then

u -
I

It f
,

- Fully 's ¥ Ei

Froot : Triangle inequality .

Theorem If f g
: K - > R ! tf-glly EE then

dBCDg - (f) Day - CM EE
.

Preeti - Let ht = tf - Ci - th
g .

Let
.

or denote the

minimum separation of points in Dg - Cf ) t
,

D
gun Cgd . Sample ti such that Hi- ti

-de I
2

At each step apply the easy case C
easy bijection

lemma ) to see that

dBCDgmlu.tt ,Dgmlh+ E Iti - fi - , /

Summing up yields the result
.



Remarks

* This proof relies on interpolation of

persistence modules
.

In the case we

Covered
,

we used function interpolation .

( so the two functions had to be defined

on the same Spacey

* It is possible to do algebraic interpolation
Either

- constructing an explicit interp .

- via categorical arguments
( either general or via universal

objects

Outline of alternative proof

Proof '

e In the simplicial complex case
,

each simplex creates or kills a cycle .  One can

"
track

"

points in the diagram through the

interpolationby tracking how simple ies

function values change through the

interpolation .



* The alternate proof makes use of the fact

that  if f Cor is unique for all red
,

then then

points in the diagram can be viewed as

( FCM
,

fam ⇒ so we get  a  map
I

.

( b
,

d) ED gunCfl d.( b
,
d) = ( r

,
Tl e D xD stflat - b 's

,
ft ) -

- d

Studying this map has other applications C last lecture )

* The most natural explicit construction of

algebraic interleaving is via universal constructions
.



Proof of Box Lemma

The following proof follows the original proof

Recall
,

we have two functions f. g
: K - SIR

Defy : E :  = He ( f
- ' I - a

,
a ] )

Ff :  = im CE → Fnl
④ → c isFahr

:= kerf! → FI ) ¥1
- '

Ff ! Ear
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Ex ] → o

What do these mean in terms of Kiagrams
.
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Relating F ! G

Define Ya : For - > Gate

Ya : Ga → Face

Consider

d- a
r

'
d - E Recall ↳ meansFace ↳ Fb - or

an injective C me - id
u

#
f us

won phis -

, ! → is

Fate ↳ Fetaa surjective C epic )
ate

r
,

b - E

morphism .

This assumes

ate Lb - a a Cte Ld - E

Additionally , hiya
→ h! Ej :c4-

'

leg:{
d-4h45

Ker  us

si - si

To relate the two
,

take the pre image of 4 : G → F

and consider the classes which are  in GE ( persistent
from b to c)

EE -

- X
- i ( I

.

d ' ) n GT

-

- y
- ' ( ke - ud a Gf



There is the following diagram commutes

by construction of Ef

,
eii → FEE

→ a
①

Fc 7 Gs-

b try

Uy is just the restriction  of GE → Good to

Ese .

Define : Eat -

- Ef n GE : this is well - defined
since Gades GE .

We can combine them
.

had a
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.
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ataxd - C
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Ul he # § us
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From ① we can

See
Ker us

'

= Ker
cry .

From the above

Since
rz is injective we can conclude that

ke - uz
= Ker u

, .

Since we consider the subspace
ET ,

the inequality fellows .



Machine Learning I Statistics with

Persistence Diagrams

Example : We are given multiple black ! white images ,

say coming from two different materials
, Using pixel

intensity ,
we construct  a filtration for each image

and compute the

corresponding persistence diagrams .

Question Can we classify based on the diagrams ?

Observation We have distances between diagrams so  it

should be possible .

However the space of persistence diagrams is

not particularly nice
, e.g .

 no  unique geodesics .

Most Machine Learning / Statistics requires so

-- thing nicer.

General Approach Define functionals an diagrams I

work with those
.

Kernel trick . Given a distance matrix
,

one can

lift this to a Hilbert space using a Clever) kernel

e.g- fly , yr = e

- dlx
, yt



Summary of Functionals

General idea Extend diagrams to function  over R2

&
compare functions

.

1) Gaussian .  weighted kernel ( Bauer
,

Kerber
,

Reiui - ghaus )

* convolve gaussian ( o
,

r ) with the diagram
I

, compare function

2) Rank function or weighted variants ( Robbins 's
,

Turner )

3) Persistent Images ( Adams et all

4) Landscapes ( Bob - ith

Many more
a . .

Hotel:
Average of functional does not necessarily

correspond to  a persistence diagram

e.g.
the average of two  rank functions is

not necessarily a rank function

Note : Once we have a functional ,
we can treat  it  as

a vector and use standard techniques :

-  regression ,

Sun
,

PCA
,

neural networks
, clustering ,

etc
.


