Orthogonal Polynomials and Special Functions
Comments

LTCC course, 19 Feb - 20 March, 2018

Ana F. Loureiro (a.loureiro@kent.ac.uk)

University of

Kent

Outline
Comments

» Part 1. Special Functions
» Gamma, Digamma and Beta Function

> Hypergeometric Functions and Hypergeometric Series

> Confluent Hypergeometric Function

> Part 2. Orthogonal Polynomials

v

Main properties
Recurrence relations, zeros, distribution of the zeros and so on and on

v

Classical Orthogonal Polynomials
Hermite, Laguerre, Bessel and Jacobi!!

v

Other notions of " classical orthogonal polynomials”
How to identify this on the Askey Scheme?

v

Semiclassical Orthogonal Polynomials
How do these link to Random Matrix Theory, Painlevé equations and so on?

» Part 3. Multiple Orthogonal Polynomials

When the orthogonality measure is spread across a vector of measures?

Special Functions
Comments

1. Gamma function.

Introduced by Euler in 1729 in a letter to Golbach, the Gamma function arose
to answer the question of finding a function mapping any nonnegative integer n

to its factorial n!, that is

M : No — No

No

n=n(n-1)...3-2-1

ol=1 if n=0.

Gamma Function - Euler's definition
Comments

r(@:%ﬁ((u%)’(uj%yj B

j=1
valid for any z such that z # 0, —1,—2,.... Observe that
n—1 —1 Y n—1 z
1H(1+£> :u and H(1+1> =n"
2L @ L5

Therefore, we can conclude that the function I'(z) can be equivalently given by

A= lim (n—1)tn"
M@= tm —,

2




Gamma Function - Euler's definition
Comments

ru):%ﬁ((lﬂl)Z(HIZ,)fl) e

j=1

valid for any z such that z # 0,—1,—2,.... Observe that

1H(”J> U Il (1+7) =~

j=1

Therefore, we can conclude that the function I'(z) can be equivalently given by

— In?
Fz) = fim =D
n—+o00 Z)n

(@)

Euler's formula (1) gives

Mz+1) =z Jim (m+1)(z+1)
Mz) ~— z+lmsee m+l+4z

Hence we obtain the most remarkable property for the Gamma function:

[[z+1)=2M(z) with r@)=1=0 ] ®3)

Gamma Function - integral representation
Comments

Theorem

For z > 0, we have

oo
M(z)= / e ft*Tlde.
0

Proof. For z > 0 and for any positive integer n, let

n £nn 1
N(z,n) = / (1 - 7) T nz/ 1—-7)"r*"'dr
0 n 0

Repeated integration by parts gives

2 n(n—-1)...2-1 /1 z4n—1
n(z, = —_ d
(z.m) nz(z+l)...(z+n—1).07 4

n(n—1)...2-1 , nln*

z(z+1)...(z+n)n " (2)n

so that

r(z)= nllTx N(z, n).

Comments

Since

+oo n n
/ e —T(2) = lim / (e*' -(1- 5) )t“dt)
Jo n—+oo 0 n
< lim <1/ t”le*‘dr)
n—+o0o n 0

+00
< —/ t*le7tdt — 0
0

n—oo

then

+oo
r(z)= / et lde.
0

Gamma Function - properties
Comments

Integration by parts

frz+1) = '/0+0064 t*dt = ((7e4) tz)

+oo +oo
- / (767') zt* 71t
0 Jo

gives

Mz+1)=2zT(2)

Remark. The Gamma function does not satisfy any differential equation with

rational coefficients (Hélder, 1887).




Gamma Function: a plot

Comments
6}
a4l
r — k)
out[15]= \__/ D T
Y Z 2 4 rx)
21
/Y
Weierstrass form of the Gamma function
Comments
The reciprocal of the Gamma function has the product representation
L (14 2) e (-2)) @
r(z) e n
where
— 1
li = —1 =0. 2156649...
Jim (kz .~ log n)) 0.5772156649 (5)
and called the Euler’s constant.
(Proof due to Schlomilch and Newman in 1848.)
Proof of the Weierstrass form of the Gamma Function
Comments
We have the identity
(2) — 1 o z z
b o (S5 s} ) (T 0 D)oo ()
Observe that log ((1+ Z) exp (—=Z)) = O(k~2) and therefore the product
n—1
H (1 + E) exp (—E converges uniformly in bounded sets as n — +oc.
k=1
Furthermore,
n—1 1 n—l ekl k+1
Sttt =3 [ (———)dt*Z/ ( )dt
k=1 k=1
k+1 t—k
and (7 dt = O(k™?) so the sum converges as n — +oco. Hence,
k
the result now follows due to
. (n=1) _7 — 1
Mz)= lim @) and = fim kz i~ los(n)
The asymptotic behaviour of the Gamma function for large argument.
Comments

It can be shown that for large values of x,

M(x) = e X" 1V2r(1 + O(1/x)),

and this is known as the Stirling’s asymptotic formula for the Gamma function.




Reflection formula for the Gamma function
Comments

rz)yr(l—z)= z ¢ 7. (6)

T
sin(rz)’

After a multiplication by z, we obtain a symmetric version of (6):

4

rMl+z)yr(1—z)= WY

which can be generalised to

ot 14 M0+ 1) = 72 : (175), ho12.
k=1

As an immediate consequence, the choice of z = % brings

Quiz: What is the value for

Beta function
Comments

The Beta function or Beta integral is a function of two variables a and b and is

only defined for a > 0 and b > 0 by

B(a,b) = /[1.15571(1 ~ syt s, ®)

Theorem

The Beta function satisfies the following identities

B(a,b) = /1 N1 —s)"tds

Jo

r+oo 1 atb
i du 9
0 1+u ©

r(a)r(b)

I(a+b)

which are valid for a, b > 0.

proof: the Beta integral in terms of Gamma function
Comments

The first equal sign is a consequence of the c.o.v. u= .

s
For the 2nd equal sign, consider the product of I'(a)l'(b):

+o0 +o00
rare) = / / eI g,
0 0

Take the c.o.v. s = xu and t = x(1 — u), whose Jacobian is

e RIS P e

so that

‘1 phoo
rar(p) = /0 /0 e T (1 — 1) x dxdu
1 +00

(/U N1 - u)"*ldu> (/D 'e**x“"*ldx)

= T(a+b)B(ab)

The Legendre's duplication formula and the Gauss multiplication formula
Comments

We start by observing that for any integer n > 1, we have

ren) = (n—1)= % "1:]1(2k F1)(2k+2) =221 (1), (n—1)!

p2n—1

= T (n+3).

More generally, for z > 0,

r(2)?
r(2z)

1 1
=B(z,2) = / s (1— sy s = 2/ * 11— 5)"lds
0 0

and, with the c.o.v. t =4s(1 — s), it follows

1

o= () sz (o) =21

By analytic continuation, we obtain the Legendre’s duplication formula:

221—1

r(2z) = ﬁr(z)r(z+%) for 22#0,-1,-2,....| (10)




1.2. Hypergeometric Series and Functions
Comments

Definition. A series Z ¢y is called an hypergeometric series when ¢y = 1 and

n>0

Cnil . . I .
"2 is a rational function in n (possibly complex valued).
Cn

Examples.

Zz—foz , ZX”7% (for |x| <1)

n>0 n>0

in n is satisfied if

The property co =

(a1)n---(ap)n x

Ch =

(B)n- - (bg)n !

where the symbol (), is the Pochhammer symbol:

(a)n::a(a+1)~-(a+n—1):H(a+n), n>1,

(a)o:=1

Comments

Hence, we may represent an hypergeometric series by

at, ..., (a1)n- - (ap)n X"
"F"(bl,.., ) Z(bl),, ba)s AT (1)

The previous examples...

72 70F0

1.2.1 Hypergeometric Series
Comments

Theorem. The series ,F, (Zl’ Y z” ; x)
q

- converges for all x if p < g;
- converges for [x| < 1if p=qg+1;

- diverges for all x # 0 if p > g + 1 and the series does not terminate.

Proof. Exercise.

1.2.1 Hypergeometric Series
Comments

Case where p=g+1and |x| =1

Theorem. The series 41Fq (31 """ aq“;x) with [x] =1
...y bg

by, ..., b,
g+l
- converges absolutely if }R(Z by — Z ax) > 0;
k=1 k=1
a g1
- converges conditionally if x = ¢ # 1 and —1 < S‘E(Z by — Zak) <0
k=1 k=1
q g+l
- diverges if ‘R(Z bx — Z ak) < —1 and the series does not terminate.
k=1 k=1

Proof. Observe that the nth term is
(a1)n--(ags1)n  T(b1)...T(ba)  isoatta—37 b1
(b1)n...(bg)an!  T(a1)...T(aqs1)

as n — +o0o. Hence, the result.



1.2.1 Terminating Hypergeometric Series

For a positive integer m

n—1 n-1
n n m! .

(=m)n = liIU(*er”) =(-1) Ii[o(mfo) =(-1) m—n) if 0<n<m,

(=m),:=0 if n>m+1.
1.2.1 Terminating Hypergeometric Series

For a positive integer m

n—1 n-1 ml

(=m)n == liIU(—m+ o) =(-1)" Ii[o(m —0)= (—1)"m if 0<n<m,

(=m),:=0 if n>m+1.

Hence,

ai,...,ap
F
»ra (blﬁ. . by X>

is a terminating series if 3j € {1,...,p} s.t. aj = —m for some m € N.

So, we also require b; # —m for any m € N.
1.2.1 Terminating Hypergeometric Series

For a positive integer m

n—1 n-1 ml

(=m)n == liIU(—m+ o) =(-1)" Ii[o(m —0)= (—1)"m if 0<n<m,

(=m),:=0 if n>m+1.

Hence,

ai,...,ap
F
ohe (blﬁ. b X>

is a terminating series if 3j € {1,...,p} s.t. aj = —m for some m € N.

So, we also require b; # —m for any m € N.

Examples.

—n - - vl n 1 k- .
e 1F <“ n 1,><> = kz:;(fl) (k) mx is a polynomial

(Laguerre polynomials)

1.2.2 The Hypergeometric Function

. a,b X (a)a(b)n 2" ) )
The Gauss series | 2F; ( ;z) = Z 22— | defined on the disk
c = (c)n n!
|z] < 1 and by analytic continuation elsewhere,
is the Hypergeometric Function (aka the Gauss function).
(see DLMF/Chapter15)

On the circle of convergence |z| =1,
> converges absolutely when R(c —a — b) > 0.
> converges conditionally when —1 < R(c —a—b) <0 and z # 1.
» diverges when R(c —a—b) < —1.

It is not defined when ¢ =0,—-1,-2,....

Comments

Comments

Comments

Comments
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1.2.2 The Hypergeometric Function

Comments
a,b X (a)n(b)n 2"
The Gauss series | 2F1 ( ’ ;z) = Z ~— | defined on the disk
c = () n!
|z] < 1 and by analytic continuation elsewhere,
is the Hypergeometric Function (aka the Gauss function).
(see DLMF/Chapter15)
Some properties:
> oF ( b,X) =2k (bﬁa,X>
c
> oF (a"b 0)=1
> izﬁ (a;‘_b;x> = aT-b 2F (a+C1;rb1+ l;x) (prove this formally!)
> Diverges if x =1 and R(c —a—b) <0.
The Hypergeometric Function: an integral representation
Comments
Since
(b)« 1 ! s c—b-1
=B k,c— - 1
(@~ Boc—pPlbtke-b= B(b c—b) Jo s)ds
then we can write
(a) kX 1 b ik c—b—1
A 1-
2 ( ) Z T Blbc—b) J, s (1-5) ds
k>0
: (@)kxX* brre1 c—b-1 . .
The series Z TS (1-15) converges uniformly with respect to
k>0 °
€ (0,1). Therefore we can interchange the oder of integration and
summation for b, ¢, x s.t. R(b) > 1, R(c — b) > 1 and |x| < 1, so that
a,b b (a)x(xs)"
(&P _ ye—b-t
Zl(c’x) B(bc—b)/ ) g Kl
(1-xs)=2
and we have
2F1<a;_b;x) I'(cfb)/ 175C b= 1(17><s) ds
Hypergeometric Function: argument unity
Comments
When R(c —a— b) >0, then
E a,b 1) = M(c)F(c—a—»b)
N\ ') T TFe=br(c-a)
If, in addition, a = —n with n € N, then
R (—n,b;1> _(c—b)
c (€)n
(Chu-Vandermonde's formula)
Hypergeometric Function: argument unity
Comments

When R(c —a— b) >0, then

a,b. _(e)f(c—a—b)
A (700) - e

If, in addition, a = —n with n € N, then

(1)t

(Chu-Vandermonde's formula)

Remark.

2R (X)) T (a+b—c)
- When R(c — a— b) <0, then I|m a—xrs (2)r(b) .

F (b
- When ¢ = a+ b, then I|m M— (a+b)

—log(l—x) T(a)r(b)’



https://dlmf.nist.gov/15

Hypergeometric Function: other special values

Comments
When ¢ = b— a+ 1, then
. a, b ri+b-a) [* 2\—a,b—1
| Fi ’ X ) = e 1-t t°Tdt
2 1(b—a+1 X) TOEDIA )
rMl+b-a)l /1 —ab/2-1
BN AChE L = d
rora a2 ), 179«
1T(1+b—a), (b
S i A | (e
IOIED) (2' a)
and we obtain the Kummer's result
E ab N\ _TA+b-ar(+32)
2\ p—ar1’ T b+l -a+d)
Hypergeometric function: some identities
Comments
a,b I(c) & b—1,c—b-1 —a
Fi T = 11—t t 1—x(1-t 1t
o (%05) = e a0 (1= x(1= 1)) "
I(c) —a /1 b—1 c—b—1 X —a
= (1 — 1-t t 1- t)"°dt
TORCED A S (==Y
r(c) r(b)r(c—b)\ " . ac—b x
= 1- F H
I'(b)r(c—b)( r(c) A U o
so that
b _ c—b
2R (ac :X> =(1-x)""2A (a CC :Xi 1)
Hypergeometric function: further remarks
Comments
> For fixed x € [—1,1], the function
2F1 (a, b;X)
c
is an entire function of a and b, and a meromorphic function in ¢ with
simple poles at ¢ = —n, for n =0,1,2,....
> For fixed x € [—1, 1], the function
1 a, b
— R (77
g+~ (")
is an entire function of a, b and c.
The Hypergeometric differential equation
Comments

The Gauss function 2F; <a, b;x) is a solution to the 2nd order differential
c

equation

‘ x(L=x)y" +(c—(a+b+1)x)y'—aby=0 (12)

known as the hypergeometric differential equation.

(Here y' := %)

dx

It has three regular singular points at 0, 1 and co. Why is that?




The Frobenius method - a brief discussion
Comments

Given a differential equation of the form

Yy +p(x)y' +4q(x)y=0 (13)

with p: D —-+Cand p: D — C.

Apointx=a€Dis
- a regular point of the differential equation (13) if both p(x) and g(x) are

analytic at x = a;

- a regular singular point of the differential equation (13) if p(x) and g(x)

are not analytic at x = a but (x — a)p(x) and (x — a)?q(x) are analytic at
x=a

- a singular point otherwise.

Frobenius method
Comments

In the case of the hypergeometric equation

v (e=(a+b+1)x) , ab B
vt x(1-x) y T x(1—%) =
N

p(x) a(x)

we see that x = 0 and x = 1 are two regular singular points of the equation.

To analyse the nature of the point at co, we consider the transformation
x — 1, so that we have

- 2 1 1 1 1\ -
S Zpl= —qg(=)y=0
- 77 —_—

1—(a+b)—(2—o)t ab
t(l—t) t2(1—t)

which has t = 0 as a regular singular point and therefore x = oo is a regular
singular point of the original equation.

All the other points are regular.

Finding a solution
Comments

Following the Frobenius method (1873), we seek a solution to the differential

equation

(x—a)’ (y” +p(x)y" + q(x) y) =0

around a regular singular point x = a by finding 1 and an expression to the
coefficients ¢, in the expansion

+oo

YO =(x=a)" Y calx —a)"

n=0

in which the series converges in a neighbourhood of x = a, therefore, defining
an analytic function.

Finding a solution
Comments

Following the Frobenius method (1873), we seek a solution to the differential
equation

(x—a)’ (y” +p(x)y’ +a(x) y) =0

around a regular singular point x = a by finding 1 and an expression to the
coefficients ¢, in the expansion

+oo

y0) = (x=a)" Y calx —a)"

n=0

in which the series converges in a neighbourhood of x = a, therefore, defining
an analytic function.

Assuming

(= a)pb) = Yo pulx—a)" and (x—alq() = 3 anlx — )"

n>0 n>0

we insert the expression for y(x) into the equation to then equate the
coefficients.



Finding a solution (cont.)
Comments

By equating the coefficients of (x — a)", we obtain

‘ p(p—1)+pnpo+q =0 ‘ <— this is the 'indicial equation

which has two roots 11 and p2 (the so-called exponents)

Finding a solution (cont.)
Comments

By equating the coefficients of (x — a)", we obtain

‘ p(p—1)+ppo+ g =0 ‘ <— this is the 'indicial equation’

which has two roots 11 and yi2 (the so-called exponents)

For the regular singular point at co we use the same procedure using the
transformed equation after the c.o.v. x — %

Finding a solution (cont.)
Comments

By equating the coefficients of (x — a)", we obtain

‘ ulp—1)+pp+qg=0 ‘ <— this is the 'indicial equation’

which has two roots 111 and p2 (the so-called exponents)

For the regular singular point at co we use the same procedure using the
transformed equation after the c.o.v. x — %

In the case of the hypergeometric differential equation

x(L=x)y" +(c—(a+b+1)x)y'—aby=0

we have
reg. sing. point 1st exponent 2nd exponent

x=0 p1 =0 po=1—c
x=1 =0 Ho=c—a—>b
X = 00 p=a 2 =b

and this leads to

Solutions to the hypergeometric differential equation
Comments

Hence, for

‘ x(1=x)y" +(c—(a+b+1)x)y'—aby=0 ‘

we have the following sets of fundamental solutions

> near x = 0:

a, b _ b—c+1,b
e =2k (%Px) L e =xen %)
c 2—c
> near x = 1:
ab c—b,c—a
=2F ' i1-x), = (1-x)""b A ’ 1—
yi(x) 21(a+b+175 X) y2(x) = (1-x) 21(c—a—b+1 x)

> near x = oQ:

b,b—c+1_1)

y2(x) = x""2F1 beat1l %

a.a—c+1_1)
a—-b+1 'x

n(x) =x""2F (




another characterisation of the hypergeometric differential equation
Comments

Theorem. Any homogeneous linear differential equation of 2nd order with at

most three singularities (including perhaps one at infinity) which are regular
singular points can be transformed into the hypergeometric equation.

Confluent Hypergeometric Functions (aka Kummer Functions)
Comments

(see DLMF/ Ch.13)

b x

Consider the hypergeometric function 2F; (a; H E) which is a solution to a

differential equation that has the point x = b as a regular singular point.

Now, by taking the limit as b — 400, we obtain a new function

M(a, c; x) := blim 2F (a‘b_ i)

—+00 c'b

which obviously results in

M(a, c;x) :=1F (j;x)

(again with ¢ #0,-1,-2,...)

Confluent Hypergeometric Functions and corresponding diff eq.
Comments
Applying the same procedure to the hypergeometric differential equation

x(1=x)y"+(c—(a+b+1)x)y'—aby=0

(i.e. changing x — x/b and then taking the limit as b — +00) brings the
so-called

confluent differential equation H‘ xy" +(c—x)y ' —ay=0 ‘

(aka Kummer's differential equation)
Remarks.

> The point x = 0 is a regular singular point of the confluent equation.

> The limiting process we have taken merges the two regular singular at
x = b and x = oo in the hypergeometric diff. eq. into a single one at co.

This point x = oo is a singular point of the confluent equation which is
not regular.
So, one cannot expect convergent series in terms of powers of 1/x!!!

. . a
> A solution to the confluent equation is M(a, c; x) :=1F1 (C;X)

> A 2nd (independent) solution can be obtained by the same confluent
process and corresponds to x' *M(a — ¢ + 1,2 — ¢; x)

Confluent Hypergeometric Functions: an integral representation
Comments

We have seen that

ab _ I(c) Y c—a-1 —b
2F1(C,X)—m'os (1-5) (1—xs)""ds

provided that ®(a) > 0 and R(c — a) > 0.

Since

M(a, ¢;x) = lim 2F1 (a'cb; %)

then it follows
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Confluent Hypergeometric Functions: an integral representation

Comments
We have seen that
a,b (c) R c—a—1 —b
F x) == 1- 1- 1
2 1( - ,X) =2 J, s (1—5s) (1—xs)""ds
provided that R(a) > 0 and R(c — a) > 0.
Since b
. a,b x
M(a, c;x) := bILTOzFl ( ¢ b)
then it follows
_ (c) R c—a—1_xs
M(a, c; x) : m/o s (1—5s) e“ds
for R(a) > 0 and R(c — a) > 0. Quiz: prove the latter identity!
And from this we obtain
I(c) e” N a—1,c—a—1_—x
M(a,c; = 1
(2.6 = Frie /D (1— ) e ey
Behaviour of M(a, c; x) at oo
Comments
In the integral in the representation
(c) e ! a—1,.c—a—1_—xt
M(a, c;x) i = =——— 1—-t)" "t dt
(@600 = e —a) o 7Y ‘
we recognise a Laplace integral on a finite integral.
So it makes sense to make use of
Watson's Lemma. Suppose that
(a) f(t) is a (real or complex) function of t > 0 with a finite number of
discontinuities;
(b) £(t) ~ ¥ > ant" as t — 0F with RA > 0;
n>0
(c) F(x) = Jy~ f(t)e ™dt is convergent for sufficient large values of x
then J
F(x) ~ Z r(n+ )\)x":* as x — oo,
n>0
provided that |arg x| < 7/2 when z™ has its principal value.
Behaviour of M(a, c; x) at co
Comments
Indeed, we have
a—1 _ (1 - a)n n
(-t =>" e
n>0
and
109 _ _ —n—c+a  px
/ (1-2a)n prremalomxt gy (1 —a)nx / smremaslo=s gy
0 n! n! 0
so that
M(a, c; x) ~ r(C)I'?a;( Z (e a);;(!l - a)"x’” as  x — oo,
>0
and this is valid in the sector |arg x| < m/2.
Comments

The general solution of the confluent differential equation

xy" +(c—x)y —ay=0

can be written as

y(x) = A M(a,c;x) + B x' " “M(a—c+1,2—¢;x)

assuming ¢ #0,—1,....

» Both functions are analytic at 0, producing two independent solutions;

» As x — 00, the general solution presented above

r(c) M2-¢) \ xacx~(c—a)n(l—a)n —n
y(x) ~ (A@ + Bm) e’ x Z ﬁx

n>0

> When A and B are chosen such that A% + Br(ra(ii)l) =0 (which is

possible), this does not mean that the function will vanish. Rather, we

expect the solution to be of lower order in terms of behaviour (not
behaving as €* x (algebraic function).




The confluent/Kummer function of 2nd kind

r1-c) ~T(e—-1)
Ma—ern ™P77rG)

Comments

By taking A = , we obtain

ri-c)
Ma—c+1)

M(a, c; x) + Mxlﬂl\ﬂ(a —c+1,2—-¢x)

U(a, c;x) = 6]

which has a meaning for all values of x, a and ¢ with exception at the point
x =0 (where U is in general singular).

The confluent/Kummer function of 2nd kind

. r1-c) Mc—1)
By taking A= ————2 _and B= — %
v A= et " r(a)

Comments
, we obtain

U(a, c;x) = %M(a7 i x)+ %xlﬂl\ﬂ(a —c+1,2—c;x)

which has a meaning for all values of x, a and ¢ with exception at the point
x =0 (where U is in general singular).

Observe that
> if we seek to the confluent equation of the form v(x) = Cfe‘“c&(t)dt for
some integrable function ¢(t), then we obtain ¢(t) = At*~ (14 )<~}

and that t¢(t) b 0 (if a > 0) so that ¢/(t) is integrable and we have
t—

U(a,c;x) = %/ 271+ ) ede,  with  a,x > 0.
o

» Using Watson's Lemma,

U(a,c;x) ~x7? Z (a=ct V(@) (=x)~"

as  x — oo,

n!
n>0

in the sector |arg x| < 37 /2.

The confluent/Kummer function of 2nd kind (cont.)
Comments

> U(a,c;x) = %/ 71+ 1) e dt,  with  a,x > 0.
o

a—c+1)a(a)n

> U(a, c;x) ~x7"z ( o
n>0
in the sector | arg x| < 3 /2.

(=x)™" as x — o0,

> The U-function also satisfies the functional equation:

U(a,c;x) = xl’cU(a —c+1,2—¢x).

Confluent functions: some particular cases
Comments

> M(a,a;x) =¢*

> Laguerre polynomials: L,(x; ) = M(—n,a +1;x)

> incomplete Gamma Functions

v(a,x) = / et dt = a 'x*M(a,a+ 1; —x)
Jo

M(a,x) = / el dt = x%e *U(1,a+ 1;x) = ¢ “U(1 — a,1 — a; x)

> error functions

erf(x) = %/ ef'zdt:xM(%ﬁg:fxz)
Jo

. . 2 0 _p 2 2
erfe(x) =1 —erf(x) = ——= e fdt=e " U(L, 3 x7)
V7 Js 22

> Bessel functions

_ 1 X\Y i 1 .
)= (5) My + 1,20+ 1,2ix)

Ku(x) = v (2x)" e U(v + %, 2v 4 1,2x)



Bessel functions

Comments
The study of these functions started with Bessel (1824). Consider the
expansion (on a Laurent series)
z n=+o00
oo (5(=1)) = 2w
Bessel functions
Comments
The study of these functions started with Bessel (1824). Consider the
expansion (on a Laurent series)
n=+o00
exp (2 (t — —)) ,,,Z Jn(2)t"
The substitution t — 7% implies
Jn(2) = (~1)"dn(2), Vn e Z,
so that
exp (Z(t— 1)) 2 Jo(z) + :i:x (t"+ (=1)"t™") Jn(2)
2 t prd
Bessel functions
Comments
Besides,
iy z 1
Jo(z+nzo (-1)"t™") "()7exp(§(t7?>>
e (Z) e (-Z) - i /2t i (=z/2)t"
=P 2 P\72t) = pre n! pard n!
implies (using the Cauchy product of two series)
(=D)f(z/2)**" -
In(2) = z:; PICESSTE n=0,1,2,...
and the latter series is convergent for any x and any integer n € Z.
Bessel functions
Comments

Besides,

n=-+o0

b+ Y (e ae) —on (3 (1 1))

>
—en(5) o0 (-5) = (5 (=)

implies (using the Cauchy product of two series)

1)4(z/2)%*"
Jn(z) = 2% n=01,2,...

and the latter series is convergent for any x and any integer n € Z. Moreover,

[Jn(2)] < lz21" /2‘ exp(z°/4), n>0.




Bessel functions: J, (cont.)

Comments
n=+00
A differentiation of exp (£ (t — 1)) = Jn(2)t"  with respect to t (after
justification) implies o
2n
In=1(2) + Ins1(2) = ?Jn(z).
n=+o0
A differentiation of exp (5 (t — 1)) = Z Jn(2)t"  with respect to z (after
justification) implies -
(@) = es(2) = 2. 4n(2)
-1 hi1(2) =237 Jn
Bessel functions: J, (cont.)
Comments
n=+00
A differentiation of exp (% (t — 1)) = Z Jn(2)t"  with respect to t (after
justification) implies o
2n
In—1(2) + Jns1(2) = 7Jn(z).
n=+o0
A differentiation of exp (5 (t — 1)) = Z Jn(2)t"  with respect to z (after
justification) implies -
I1(2) = dna(2) = 2L 0(2)
n—1 hi1(2) = 27 Jn(2)-
From the previous two relations, we conclude that y(z) = J,(z) is a solution to
the 2nd order differential equation
;1 ?
Y'Y+ (17%)}/:0
x z
Bessel's differential equation
Comments
Allowing the integer n to be replaced by an arbitrary parameter v in the latter
diff. eq. leads to the so-called
- ) ) w1 v
Bessel's differential equation — | y" + —y + (1— — |y =0
X z
or, equivalently,
Bessel's differential equation — | 2%y + zy’ + (22 - 1/2) y=0 ‘
Bessel’s differential equation (cont.)
Comments

Bessel's differential equation —»

zzy'/+zy'+ (zz—uz)y:O‘

Remarks.
> The point z = 0 is a regular singular point, with x> — 2 = 0 as indicial
equation, whose roots are ;1 = +v. Frobenius method allows to conclude

that the general solution to the Bessel's diff eq. can be written as

y(z)=AJ(2)+ B Ju(2)

when v ¢ Z, where

x" - 22
#8) = g h (VH'T)

» When v = —n the two solutions described above are not independent.
This case requires further analysis and will give rise to the Y-Bessel
function.




Modified Bessel functions

Comments
A substitution of z by iz in the Bessel's differential gives the
modified Bessel’s differential equation —» | z°y” + zy’ + (z2 + l/z) y = 0‘
which has the pair of modified Bessel functions
I(z) and K,(z)
as independent solutions.
Modified Bessel functions
Comments
A substitution of z by iz in the Bessel's differential gives the
modified Bessel’s differential equation —» | z°y” + zy’ + (z2 + uz) y = 0‘
which has the pair of modified Bessel functions
I(z) and K,(z)
as independent solutions.
They admit the following series representation
x" - =z
L(2) =i""J(ix) = ———0F =i
(2) =B 2"I'(1/+1)0 l(u+1 4>
and | .
Ty — b
K. =57
) 2 sin(wv)
Clearly,
I_n(z) = Ih(z) and K_,(z) = Ku(2)
References for Part 1.
Comments

> N. N. Lebedev. Special Functions and Their Applications. Dover
Publications, New York, 1972.
Comments: See Chapters. 1, 5 and 9

> NIST, Digital Library of Mathematical Functions (DLMF) - available online

» N. M. Temme. Special Functions: an Introduction to the Classical

Functions of Mathematical Physics. John Wiley and Sons, New York,
1996.
Comments: See Chapters. 3, 5, 7 and 9

» E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th

Edition, Cambridge University Press, 1996. (reissued)
Comments: See Chapters. 12, 14,16 and 17

Comments
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