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» Part 1. Special Functions
> Part 2. Orthogonal Polynomials: an introduction

> Main properties
Recurrence relations, zeros, distribution of the zeros and so on and on....

> Classical Orthogonal Polynomials
Hermite, Laguerre, Bessel and Jacobi!!

> Other notions of " classical orthogonal polynomials”
How to identify this on the Askey Scheme?

> Semiclassical Orthogonal Polynomials
How do these link to Random Matrix Theory, Painlevé equations and so on?

» Part 3. Multiple Orthogonal Polynomials

When the orthogonality measure is spread across a vector of measures.
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recap on Orthogonality

Let 1 be a positive Borel measure with support S defined on R (represented
by the linear functional .£) for which moments of all orders exist, i.e. ,

mn:/sx"d,u(x) < o, n=0,1,2,... .

we have seen that...

A sequence of monic polynomials {P,}n>0 with deg P, = n is orthogonal w.r.t.
the measure pu if

(Z Xk Pp(x)) ::/Ska,,(x)d[,L(x):Nn ok k=0.12,....n.

where S is the support of i and N, is the square of the weighted L?-norm of
Py, given by

Ny = /SX"P,,(x)d,u(X) > 0.
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recap on Orthogonality

The system
(2, x*Pa(x)) ::/ka,,(x)du(x) =0 k=0,12,..,n—1.
S
is a linear system of n equations for the n unknown coefficients c,, s of

n
Pa(x) = ¥ chx® with cpp=1.
k=0

The system has a unique solution because the matrix of the system is the Gram

matrix
mo m mp_1
m my ... mp .
where mk:/x du(x).
S
Mp-1 Mp ... M2p-2

which is a positive definite matrix whenever the support of u contains at least
n points.
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Multiple Orthogonal Polynomials

A sequence of Multiple Orthogonal Polynomials is a sequence of polynomials of
one variable which is defined by orthogonality relations with respect to r
different measures yy,..., Uy, where r > 1.

Some remarks:

> The case where r =1 reduces to the standard notion of orthogonality;

> These polynomials should not be confused with multivariate or
multivariable orthogonal polynomials of several variables nor with matrix
orthogonal polynomials;

> Other terminology is also used such as:
> Hermite-Padé polynomials, motivated by the link with Hermite-Padé

approximation or simultaneous Padé approximation, following the works by
(Nuttall, 84), (de Bruin, 85), (Sorokin, 84 & 90), (Bultheel et al., 05);

> Polyorthogonal polynomials after (Nikishin & Sorokin, 91);

> Vector orthogonal polynomials following (Van Iseghem, 87), (Kaliaguine,
95), (Sorokin & Van Iseghem, 97)

> The so-called d-orthogonal polynomials initiated by (Maroni, 89) and
followed by Douak, Ben Cheikh and many others up to now: these are
multiple orthogonal polynomials near the diagonal and d is the number of
orthogonality measures.
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Multiple orthogonal polynomials

There are two types of multiple orthogonal polynomials: type | and type Il

In either cases, the polynomials will be depend on the multi-index
n=(n,...,n-) €N’

with length
|[Al=n+...4+n,

Type | multiple orthogonal polynomials are collected in a vector of r

polynomials
(Aﬁ,l(x)a . *Aﬁ,r(X))
where deg Aj ;(x) < n; —1s.t.

r
Z/SxkAﬁJ(x)duj(x):o, for k=0,1,...|d| -2
j=1

r
Z/X\"\*lAﬁJ(X)duj(x)zl < (normalisation)
=173

which gives a linear system of |7i| equations for the |ri| unknown coefficients of
the polynomials Aj j(x) for j=1,...r.
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Type | multiple orthogonal polynomials

(As1(x),---Ajr(x)) where degAjj(x) <n;—1s.t.

ii/sxkAﬁJ(X)dﬂj(X)ZO, for k=0,1,...|A|—2 "
=
J;I/SXW*lAﬁJ(X)d/Jj(X) —1 .

This gives a linear system of |ri| equations for the |A| unknown coefficients of
the polynomials Aj j(x) for j=1,...r.

The index 7 is normal if the relations (1) determine the polynomials uniquely,
which corresponds to say that

where Mﬁ:[ M,(,}) M,(,f) Mr(z:)]

with
. m m mp; ;
M,%) = ! 2 ’ and mg) :/Sxkd/.tj(x)

() ()
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Type |l multiple orthogonal polynomials

The type Il multiple orthogonal polynomialsfor 7i corresponds to the monic
polynomials Pz(x) of degree |7| for which

/SXkPﬁ‘(X)d.Uj(X) =0, k=0,...nj -1, (3)
forj=1,...,r.

The conditions (3) give a system of |7i| equations for the |7| unknown
coefficients of the monic Pg(x).

The matrix of this linear system is

M{z[/\/fﬁ}) M@ . M,(,f)]T

which is the transpose of M.

Hence the system (3) has a unique solution if the multi-index 7 is normal, i.e.
det M5 # 0.
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Type | and Type Il multiple orthogonal polynomials

A multi-index 7 is normal

< detM; = det [ M
it
J
B m
where M,%) = 1
0]
M1
—
—
unique

p.9

M2 M ] #0
m
J
m mpy. .
2 ’ and mg):/sxkduj(x)
)
M| Mi|4+n;—2

the type | vector (Az1(x),... A5 (x)) exists and is unique

the monic type Il multiple orthogonal polynomials Py exists and is
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Special systems: Angelesco systems

Definition. The vector measures (Uj,...,U,) form an Angelesco system if
the supports of the measures are subsets of disjoint intervals
ie.,

supp(i;) C Sj and 5;NS; =0 whenever i # j.

Usually one allows that the intervals are touching, so that

;,- N §j= 0 whenever #j.
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Special systems: Angelesco systems

p-11

Definition. The vector measures (lj,...,,) form an Angelesco system if
the supports of the measures are subsets of disjoint intervals
ie.,

supp(i;) C Sj and 5;NS; =0 whenever i # j.
Usually one allows that the intervals are touching, so that

;,- N §j= 0 whenever #j.

Theorem. (Angelesco, Nikishin)

The type Il multiple orthogonal polynomials Py has exactly n; distinct zeros on

o
Sjforj=1,...r.
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Special systems: AT systems

Definition. The system of linearly independent functions ¢;,..., ¢, form a
n
Chebyshev system on [a, b] if every linear combination Z a;0;(x) with

i=1
(a1,..-,an) #(0,...,0) has at most n—1 zeros on [a, b].

Example. %% xe®X .. . xM~lex eX xecrX . x"~leCX with ¢; # <
whenever i # j, is a Chebyshev system of order |7i| on R.
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Special systems: AT systems

Definition. The system of linearly independent functions ¢y,..., ¢, form a
n

Chebyshev system on [a, b] if every linear combination Z a;0;(x) with
i=1
(a1,..-,an) #(0,...,0) has at most n—1 zeros on [a, b].

Example. e%X xeX . . xM~leax eX xeorX . xMleCrX with ¢; # <

whenever i # j, is a Chebyshev system of order |7i| on R.

Definition. (AT-system) The measures (Ui,..., ;) form an AT-system on
the interval [a, b] if the measures are all absolutely continuous with respect to a
positive measure u on [a, b], i.e.

di(x) = wi()d(x), = 1,01,
and, for every A, the functions

n—1 np—1

wi(x),...,x

are a Chebyshev system on [a, b].
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Special systems: AT systems

Theorem. |If (ug,...,1,) is an AT-system on the interval [a, b], then the type
Il multiple orthogonal polynomials Pz(x) has exactly |7| distinct zeros on (a, b)
and hence 7 is a normal index.

Theorem. For an AT-system, the function

Qi) = ¥ Anj()wi(x)
j=1

has exactly |ri| — 1 sign changes on (a, b).
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Biorthogonality

In an AT-system every measure L is absolutely continuous w.r.t. a given
measure [ on [a,b] and dp,(x) = wy(x)dp(x).

In an Angelesco system we can define = py +... + .. If all intervals [a;, bj]
are disjoint then du(x) = wy(x)du(x) where

1, if xe[a,b
Wk(X):X[ak,bk](X):{ 0, ifxq_f{ai,bﬁ

If bj = aj;1 then we consider ; = fi; +c18p, and W11 = flj 11+ 285, so that
{; and fi;;1 have no mass at b; = aj ;1. Then the absolutely continuity w.r.t.
to U = u1 + ...+ Y, still holds, but with

Wj = X(a.5;)(X) + X(b;} (%)

Cc1 +cz

Wjt1 = X(aj1.byen)(X) + ———X(a.11 (%)

C-|-C
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Biorthogonality

For an AT-system and an Angelesco system we have

dpj(x) = w(du(x), j=1.2,....r.

Based on the type | orthogonality relations, then for the type | functions
r
Qi(x) =Y As j(x)wj(x)
j=1

we have

b

/ Qi(x)xkdp(x) =0, k=0,1,...,|7| -2,
a

/ab Qs()Xdu(x) = 1.
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Biorthogonality

For an AT-system and an Angelesco system we have
() = wi(du(x), j=1.2,....r.

Based on the type | orthogonality relations, then for the type | functions
r
Qi(x) =Y Az j(x)wj(x)
j=1

we have

b

/ Qi(x)xkdp(x) =0, k=0,1,...,|7| -2,
a

b -
[ @0x Tt = 1.
a
The type Il multiple orthogonal polynomials P; and these type | functions
Q7(x) satisfy biorthogonality:
b 0, if
| Pal0Qa(x)au( =1 o, if
a 1, if

, |
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Recurrence relations - type Il multiple orthogonal polynomials

Nearest neighbour recurrence relations for type Il multiple orthogonal
polynomials (see Van Assche, 11)

r

xPp(x) = Prite (x) + b1 Pa(x) + Y a5 jPri_g (x)
j=1

r
XP5(x) = Prye, (x) + b Pa(x) + Y, 23Ps g (x)
j=1

where
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https://www.sciencedirect.com/science/article/pii/S0021904511000840

Recurrence relations - type | functions

Nearest neighbour recurrence relations for type | functions

XQi(x) = Qri—g, (x) + bri_g 1 Qa(x) + Y a5 Qriye (x)
=

xQi(x) = Qsi—g, (x) + bz,  Qa(x) + Y a5 j Qrive (x)

Jj=1

where
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Recurrence relations - coefficients

Theorem. (Van Assche,11)
The recurrence coefficients (a5 1,...,a5,) and (b 1, ..., b5 ) satisfy the partial
difference equations

biye.j— brij = briye.i — bsj

a 4 _q biis.i b
Y ditg .k~ ), Angk =det( TN T
k=1 k=1 n+¢€;.J

ai;  bive,— biive,i

i +&,i br j — bs i

forall j=1,...,r.
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Example. Multiple Hermite polynomials.

These are given by

/ X Hi(x)e ¥ +5%dx =0,  k=0,1,....n—1,

—oo

for 1 <j <'r, where ¢; # ¢; whenever i # j. The recurrence relation is explicitly
given as

Ck 1<
XHﬁ(X) = Hﬁ+§k(x) =+ ?H;,(x) =+ 5 Z njHﬁ_éj(X),
A
for 1 < k <r, so that

b,—;’j:Cj/2, aﬁJ:nj/2, 1§j§r.
see (Van Assche & Coussement, 01) and (Van Assche, 11)
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Multiple Hermite polynomials: application to RMT

p.22

Let M be a random Hermitian matrix of size N x N, and consider the ensemble
with probability distribution

1 N
S—exp (—Tr(MQ—AM)) aM, dM=]Jdm;; J] dMi;
N =1 1<i<j<N

where A is a fixed Hermitian matrix (the external source).

Property. Suppose A has eigenvalues cy, ..., c, with multiplicities ny,...,n,,
then B
E(det(M —z Iy)) = (=1) Hy(2).

For further information, | suggest to read (Martinez-Finkelshtein & Van Assche,
16) including the connection to links to non-intersecting Brownian motions.
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Example. Multiple Laguerre polynomials of first kind.

These are given by the orthogonality relations
/ xKL5(x)x% e ™ dx =0, k=0,1,...,n—1,
0
for 1 <j<r, where a1,...,0, > —1and o; —; ¢ Z.

They can be obtained using the Rodrigues formula

(=)l e > L4(x) = H <x—af%x"f+af) e X (4)

j=1 ’

where the product of the differential operators can be taken in any order. This
Rodrigues formula is useful for computing the recurrence coefficients.
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Example. Multiple Laguerre polynomials of first kind. (cont.)

p.24

Indeed,

oo dmn ni
n; O ,—X __ |n\ nji+o—0oq I11+(Xl I1,+Ot,‘ —X
xVLa(x)xTe ™ = / Ve I I e “dx
/0 n( ) dX"1 ( an, )

and integration by parts (n; times) gives
. . oo r n;
(_1)\ﬁ|+n1 nj+ 05 —o n1!/ Xt H x % g X0 ) e =X (.
n 0 e dx i
Repeating this r times gives

oo r ; o
/ xVLi(x)x%e™ = T(nj+aj+1) H (nj + (1)1‘] Ot,) n;l.
0 i=1 i
From the definition of multiple orthogonality, we have
JEEOEE
aj = nj—1 ’
[x s 5 (0 duy(x)
which implies
I ni+ o — o .
anj=nj(nj+o5) ] T 7 j=1,...,r. (5)

i=1,i#j nj n—l—aj—a,

University of Kent



Example. Multiple Laguerre polynomials of first kind. (cont.)

The recurrence coefficients by, can be obtained by comparing the coefficients
of x/l in the recurrence relation
B

xL5(x) = Liye (x)+ b iLa(x)+ Y anjlig(x) , i=1,...,r=1.

J=1

They are
by k = |fi + ni + o + 1, k=1,...,r. (6)
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Example. Multiple Laguerre polynomials of the second kind

p.26

These are given by the orthogonality relations
/ XK L(x)x% e~ 5% dx =0, k=0,1,...,n;—1,
0

for 1 <j<r, where & > —1, c1,...,¢, >0 and ¢; # ¢j whenever i # j. They
can be obtained using the Rodrigues formula

1y (HC ) X0 = [T (e ge ) e @)

Jj=1

where the differential operators in the product can be taken in any order. A
useful integral is

X T o dv (A +a+1) _
Ax cjx cjx |A|+o 7| . a\n
/0 ¢ Hl (el dxni € ) dx=(-1) lAtatt Hl(cJ A)"
J_ J_
which can be evaluated by using integration by parts in a similar way as in the

previous example. Observe that the right hand side has a zero at 4 = ¢; of
multiplicity n;. Using (7) we thus have for A >0

e F(il+a+1) £ ,
Ax 0 _ _ L\ Ni
/0 e M x%Ls(x) dx = Tl i|:|1(1 Afci)M.
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Example. Multiple Laguerre polynomials of the second kind (cont.)

p.27

Clearly

dk )
W/O e M X% La(x) dx

:(4)*/0 xkex¥Ls(x)dx=0,  0<k<n;,

A,:Cj
which confirms the orthogonality relations, and for k = n;

* n G r(|n+oa+1) r G
nj AGjx 0O _ . _J
/O xM e xY Ly(x)dx = Aot n;! II 1 .

¢ i=1,i%j Ci
The fact that
5" La(0 di()
a5 = _ :
[x a5 (0 ()
implies
(|A| + o) nj .
ajj = ij 1<j<r. (8)
j

For the coefficients by 4 a comparison of the coefficients of x7l on both sides of
the recurrence relation satisfied by Lz(x), and Eq. (23.4.5) in (Ismail) leads to

(9)

University of Kent
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Multiple Laguerre polynomials of second kind: an application to RMT

John Wishart (1928) introduced the Wishart distribution for N x N positive
definite Hermitian matrices

M= XX*, X e cNx(N+p)

where all the columns of X are independent and have a multivariate Gauss
distribution with covariance matrix X:

1 o )
Z—Nexp(—Tr(Z M)) (det M)P dM.

If X = Iy, then Laguerre polynomials (with oo = p) play an important role.

If ¥~1 has eigenvalues ci,..., ¢, with multiplicities ny,...,n,, then multiple
Laguerre polynomials of the second kind are crucial:

E(det(M —z Iy)) = (~1)/1L2(2).

for further details see
Kuijlaars, A.B.J.: Multiple orthogonal polynomials in random matrix theory. In: Bhatia, R. (ed.)
Proceedings of the International Congress of Mathematicians, vol. Ill, Hyderabad, India, pp.
1417-1432 (2010)
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Example. Jacobi-Pineiro multiple orthogonal polynomials

p.29

These are multiple orthogonal polynomials on [0,1] for the Jacobi weights
xl-o‘(lfx)ﬁ, with a,...,0,8 > —1 and o; — a; ¢ Z. They satisfy

1
/XkPﬁ(x)xaf(l—x)ﬁdXZO, k=0,1,...,m—1,1<j<r.
0

They are given by the Rodrigues formula

—1)Al f11(|ﬁ| + o+ B+1)n (1-x)PPs(x)
j

_ H ( o A7 n,+aj) (1— )48

where the product of differential operators is the same as for the multiple
Laguerre polynomials of the first kind.
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Example. Jacobi-Pifieiro multiple orthogonal polynomials (cont.)

p.30

One has
1 r . =
1p. Y |7l H, 1(i = 7)n; Fy+1r(la+p+1)
Jy X7PiCI 2P = (1) (ALt B T+ 7+2)
so that

/1X"j+a"’°*(X)(1—x)ﬁ o = (TR mt T+ g+ (7 + B +1)
o To( + o B+ 1) T+ +05+B+2)

Using the expression for aj ; (as in the previous examples) to then find for
1<j<r

o= [] %%y _lilteth
R I n,+aj—a,i: |A|+n;i+ o+
”J(”J+O‘J)(|n|+ﬁ) (10)
(|”|+”J+aj+B+1)(‘”‘+”J+aj+ﬁ)(|n|+”1JFO‘JJFB*]-)
University of Kent



Example. Multiple Charlier polynomials

The orthogonality relations are

oo k
Y ¢ (k)kf % ;=0 (=01..nm-1,
k=0

for 1 <j <'r, where a; >0 and a; # aj whenever i # j. The recurrence relation
is given by

xCi(x) = Ciiye, (x) + (ak + 7)) Ga(x) + Y nja;j Cig (%),
=1

so that
bﬁJ:|ﬁ|+aj, anj = njaj, ].SJSI’
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Recurrence relations - particular paths

Let (fix)k>0 be a path in N' starting from rg =0, such that 7, — iy = & for
some i=1,...,r. Then

r

xPs, (x) = Pri,, () + Y, 05, P, (x)-

Jj=0
An important case is the stepline
r—j
Ak=(0i+1,...,i+1,i,...,0), with k=ri+j, for j=0,...r—1.
~—————

J

where |fig| =k =ri+].
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Recurrence relations - particular case: the stepline

For the the stepline
r—j
—
Ak=(0i+1,...,i+1,i,...,0), with k=ri+j, for j=0,...r—1.
————

J

we consider
Bk(X):Pﬁk(X), for kZO

Hence By (x) satisfies the following recurrence relation of order r+1, in the

sense that there exist coefficients B and 7/,((j) for j=0,1,...,r —1 such that

r
xBp = Bny1(x) + BnBn(x) + Z Yf,i_kk) By 1«
k=1

The polynomial sequence {B,}p>0 is an r-orthogonal polynomial sequence...
to be explained....

p.33 University of Kent



r-orthogonal polynomials

Definition. The monic r-orthogonal polynomial sequence {Bp} >0 for
(M1,..., M) is such that

/ska,,(x)d/.Lj(x) —0, n>rk+j,
/S X"Bypyj1(x)dij(x) =0, n>0,

foreach j=1,...,r. (Maroni, 89)

Theorem. The monic polynomial sequence {Bj}p>0 is r-orthogonal iff

k
xBp = Bay1(x) + BnBa(x) + Z W B

with y,(,(i)r_,’_l #0forn>r.
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Associated banded Hessenberg matrix

We can now introduce the banded Hessenberg matrix H, such that

Bo(x) Bo(x) 0
Bi(x) Bi(x) :
H, . =X . — Bn(x)
: : 0
Bn-1(x) Bp-1(x) 1

Exercise. Find an explicit expression for Hj, based on the recurrence relation

k
xBp = By 1(x) + BnBa(x) + Z W B e

Hence, each zero of B,(x) is an eigenvalue for Hp,.

The matrix H, is not symmetric and there is no obvious way to do so for r > 2.

No reason, in general, for the eigenvalues (zeros) to be real. Nonetheless in
several examples it is the case.

An important case is when the banded Hessenberg matrix has only non zero
entries on the extremes of the band. This means that

,k)
xBp = Bt (x) + 79 B,
p.35 ! r1l)+ e University of Kent



Comments on r-orhogonality and multiple orthogonality

> The examples seen are extensions of classical orthogonal polynomials, in
the sense that the corresponding weight functions satisfy a Pearson
equation
(Sx ()W (x))" + Wi (x) Wi (x) = 0
with deg ¢, <2 and degy, = 1.

> There are also well studied cases where r-orthogonal polynomials arise
from an extension of Hahn's classical character and this gives rise to
weight functions that are solution to a second order differential equation
(certainly not of Pearson type)! For such type of weights, the concept of
multiple orthogonality is quite natural.

> The concept of "classical” in the context of multiple orthogonality is not
unique. Depending on which property of the very classical polynomials one
takes, this will give rise to completely independent multiple orthogonal
polynomials.

> There are also examples of extensions of semiclassical polynomials into the
context of multiple orthogonality. Typically, examples of Angelesco
systems, such as the Jacobi-Angelesco polynomials or the Jacobi-Laguerre
polynomials. The realm of extensions goes beyond these notions...
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The case of 2-orthogonal polynomials

The monic 2-OPS {P,},>0 for u= (up, u;) satisfies a third order recurrence
relation (see Van Iseghem’88, Maroni'89)

Pny1(x) = (x = Bn) Pn(x) = @ Pn-1(x) = ¥n-1Pn-2(x) (11)

with Po(X) =1, Pl(X) = X—ﬁo and P2(X) = (X—ﬁl)Pl(X) —07.
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The case of 2-orthogonal polynomials

p.38

The monic 2-OPS {P,},>0 for u= (up, u;) satisfies a third order recurrence

relation (see Van Iseghem’88, Maroni'89)

Pn+1(X) = (Xfﬁn)Pn(X)7anPn71(X)7Yn71Pnf2(X)

with Po(X) =1, Pl(X) = X—ﬁo and P2(X) = (X—ﬁl)Pl(X) —07.

Expressions for the recurrence coefficients follow immediately from the

definition. For instance,

< uO,X”+1P2,,+2 >
< ug,x"Pyp >

Yont1 =

Conversely, we also have

n
1
No(n) :=< ug,x" " Py 0 >= H Y2k+1
k=0
and

y V2ny2 =

n
. 1
Ni(n) =< uy,x" Py, 13 >= H Yok+2, for n>0.
k=0

(11)
<up, X"t Pz > n>0
< up,X"Popy1 > =
University of Kent



2-orthogonal polynomials: a revisited example

The type Il multiple Laguerre polynomials of second kind for r =2 measures on
the step-line are

Bon(x) = Linnyx)»  Bant1(X) = Lng1,m)(x)
satisfy
XBn(x) = Bny1(x) + BaBa(x) + 75V Ba 1+, B
where
Bon=3n+a1+1, Popr1=3n+a+2,
}é,l) =n(3n+ oy + o), yg)ﬂ =3m+n(3+ 0+ )+ o +1,

},2((,)1) = n(n+(X1)(n+(X1 — 062), Y£?1)+1 = n(n+a2)(n+a2 _ al)-
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Example 1 — The 2-orthogonal polynomials with constant rec coef

The sequence of polynomials {P,(x)}n>0 satisfying the recurrence relation
00 4
Ppi1(x) = xPp(x) —3° 57 Pp_2(x)

is 2-orthogonal with respect to U = (up,u;) such that

2

(3 —1)uf + 3x%uf — Exug =0
u = 3(x3 — 1)u6 — %X ug

Such vector functional admits an integral representation on the real line as
follows

(1+V1-x3)13 —(1-V1-x3)13|dx

<o f(x)> = ./01 f@)%

—l—/;oo f(x)3e ™ [ A1v/x cos(v/3x) + Aax?sin(v/3x) | dx,

<unf(x)> = /f(x)Ul(x)dx7

(See Douak&Maroni'97 for further details.)
p.40 University of Kent



Example 3. 2-orthogonal polynomials with exponential weights

Consider the monic polynomials P, m, of degree n+4 m for which
/ X P m(x)exp(=x3 +tx)dx =0, j=0,...,n—1,
Moulry

/ Xan,m(X)eXp(_X3+tx)dXz07 J=0,...,m—1,
Moulr;

with I, ={z€C:argz= e2k”i/3}, k=0,1,2.
(see Van Assche & Filipuk & Zhang (2015))

2
Rodrigues’ formula:

3 D" d" s s
e X +txPn7"+m(X) — ( 3n) v (e X +tXP03m(X))
.3 )" d" s _.3
e X +tXPn+m,n(X) — ( 3n) o (e X +tme$0(X))

where P, 0 and Py, are orthogonal polynomials...
. ( Case t =0 already in Pdlya and Szegd (1925).
and {Pk’k}k is 2-OPS. Special case of Gould-Hopper polynomials (1962).)
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Hahn 'Classical’ 2-orthogonal polynomials

Definition
A monic 2-OPS {P,},>0 is "classical” in Hahn's sense when the sequence of
its derivatives {Qn}n>0, with

1
Qn(x) = mPZH(X)

is also a 2-OPS.

Hence, as a monic 2-OPS, the sequence {Q,},>0 satisfies a third order
recurrence relation:

Qni1(x) = (x = Bn) Qu(x) = GnQn_1(x) = Tn_1Qn_2(x), n>2,  (12)
with Qo =1, Qi(x) = x— o and Qa(x) = (x — B1) Q1(x) — &1.
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"Classical” 2-orthogonal polynomials

On the other hand, the 2-orthogonality of {Ps}n>0 for U= (ug,u1)
and the 2-orthogonality of {Qp},>0 for V = (v, v1) implies

V( u
ool ] ()
and also that ,
v U
4]-[3).
with 4 4
_ | %00 901 _ |10 1
*= { d10 ¢11 ] and wj[ y(x) ¢ }

where y(x) = %Pl(x) and { = —2%,

whilst deg{¢o,0,00,1,¢1,1} <1 and deg¢; o < 2.
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"Classical” 2-orthogonal polynomials

Theorem
The monic 2-OPS {Pp}n>0 for U= (ug,u1) is "classical” iff there are
polynomials y and ¢; j, with i,j € {0,1}, and a constant { such that

(o s flm]) [ tl[]=[0] o

where deg{¢0,0,00,1,91,1} <1, degp10 <2 and degy = 1.

Relation (15) reads as follows

(o[ 0 ])+e[w]-[]

(Maroni& Douak'92, Maroni'99)
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"Classical” 2-orthogonal polynomials

Corollary
If the monic 2-OPS {P,} >0 for U = (up,uy) is "classical”, then

c(x) <(¢Uo)” (¢ +d(x) ~ a(x))uo) + (b(x) - a’(X))Uo)

=c'(x) <¢U6 - d(X)Uo>7

c(x)ur = pufy — d(x)up

where
a(x) = 90.0(x) (911 () +£) = 91.0(x) (961 () +1)
b(x) = 60(x) (6110 +€) = (96.20:) +1) (9L o(x) + ¥(x)) 1)
c(x) = 601(x) (0110 +€) —611(x) (920 +1)
d(x) = 90.1(x) (6] 6(x) + ¥(x)) = 911(x)86(x)

and

#(x) = det ® = go o(x)¢1,1(x) — 9o,1(x)P1.0(x)
p.45
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"Classical” 2-orthogonal polynomials

Consequently, we have

~_2n+1 (1-(n+1)4g,(0)
Yont1 = 2n+3 7n¢011( ) Yan+2

and o (0
e (005G
’Y2n+2*n+2 10 (0) Y2n+3
2y'(0)

Lengthier expressions can be obtained relating the recurrence coefficients
th ﬁn: am and &n-
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Example 2. On 2-orthogonal polynomials with Bessel weights

p.47

P,,+1(X) = (X_Bn)Pn(X) _anPn—l(X)_Yn—l'Dn—Z(X)
with

Bn=3n*+ 20+ 2B +3)n+ (1 +a)(1+p)
o, =n(Bn+a+p)(n+a)(n+p), n>1,
Ya=n(n+1)(n+a+1)(n+a)(n+B+1)(n+p), n>2,
They satisfy the 3rd order recurrence relation
2P+ (3+a+B)xP! +((a+1)(B+1)—x)P, = —nP,
and are 2-OPS for U = (up, u1) satisfying
xPuf —(a+B—1)xuy— (x—aB)ug=0 , (a+1)(B+1)us =—(xup)

Such vector functional U = (up, u1) admits the following integral representation
2 e
<wf)> = s ),

oo 1
<o f()> = e / FO) (X 2Ky (2v5) ) dx,
(See Ben Cheikh&Douak'00 and Van Assche& Yakubovich'00.)

FOO PR, _p(2v/x)ax,
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3-fold symmetric (not necessarily 2-orthogonal) polynomials

Definition
A monic polynomial sequence {Bg},>0 is 3-fold symmetric if and only if

2inm

3 Bp(x)

Bn(e%x) =e

and ) )
4in 4inmt

Bn(e x)=e 3 Bp(x), n>0.

In other words, this is to say that there exist three sequences {B,[,j]},,zo with
j €{0,1,2} such that
0

Ban(x) = B (:3),

Bany1(x) = xBH (x3),

Bania(x) = x2BE(x3),
(The sequences {B,[,j]},,zo are the components of the cubic decomposition of
the 3-fold symmetric sequence {Bp}n>0.)
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3-fold symmetric 2-orthogonal polynomials

Whilst we are dealing with 3-fold symmetric and 2-orthogonal sequences, we
recall the following result.

Theorem (Douak & Maroni'92)

Let {Pn}n>0 be a 2-orthogonal polynomial sequence for U = (ug,uy). Then,
{Pn}n>0 is 3-fold symmetric iff if satisfies the third order recurrence relation

'Dn+1(x) :X'DH(X)_Yn—IPn—2(X), n>2,

with Po(x) =1, P1(x) = x and Pa(x) = x2.

(Observe that this is a three-term recurrence relation!)

Moreover, we have
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3-fold symmetric 2-orthogonal polynomials

Lemma (Douak & Maroni'92)

If the a 3-fold symmetric sequence {P,}p>0 is 2-orthogonal, then the three
components in the cubic decomposition of {Pp},>0 are also 2-orthogonal
fulfilling the recurrence relations:

P10 = (e BED PRI — ah I, ()~ 79, P (x

where

k
ﬁr[r = Y3n—1+k T V3ntk + Vant1trk, 12> 0,

k
06:[7 = Vn—2+kV3nt+k + V3n—14kV3n—3+k + V3n—24kV3n—1+k> N =1,

K
Yr[v = V3n—2+kV3ntkV3nt2+k 70, n> 2,

for each k =0,1,2.
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3-fold symmetric 2-OPS

Theorem. (Aptekarev et al.’00)
If yp>0forn>1in

Pny1(x) = xPn(x) = Ya-1Pn—2(x),

then {Pp}y>0 is a 2-OPS w.r.t. the vector of linear functionals (ug,u;) and
<u0.f() >= [ F(x)dHo(x) (17)
< f()>= [ F()dm () (18)
where S represents the starlike set

S:=Jrk with M = [0,e2%/300),

and the measures have a common support which is a subset of S and are
invariant under rotations of 27/3.
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3-fold symmetric 2-OPS

Theorem. (Ben Romdhane’'08)
Let {Pn}n>0 be a 2-OPS satisfying

Ppi1(x) = xPn(x) — Yn—1Pn-2(x).
If ¥, > 0, then the following statements hold
(a) If x is a zero of P34, then ®*x are also zeros of P3p4j with o = e2mi/3
(b) 0is a zero of P3,y; of multiplicity j when j=1,2
(c) Pspyj has n distinct positive real zeros

(d) Between two real zeros of P33 there exist only one zero of P32
and only one zero of P31
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3-fold symmetric 2-OPS

Theorem. (AL & Van Assche'18)

Let {Pn}n>0 be a 2-OPS satisfying Pp11(x) = xPp(x) — Yn—1Pn—2(x).
If

0 < ¥p < cn® +o(n%)

(with ¢, a > 0), then the largest zero xpp is s.t.

3
Xn,n < 22?clﬁno‘/3 + o(no‘/3).
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Hahn-classical 3-fold symmetric 2-orthogonal polynomials

These satisfy a third order differential equation

Lemma (Douak&Maroni'97)

If a 2-symmetric 2-OPS {Pp} >0 is "classical”, then each polynomial is a
solution of the third order differential equation

where
dn
b
Cn
dn

€n

(a,,x3 — bn)P,,,lg_l + CnX2P,,,,+1 + an’D:1+1 =enPn11

(% = 1)(Fn1—1)

Yo13((143) Ons2—(n+2))((n+4) Oni1—(n43)) ((1+5) Dni2—(n+4))
(n+3)(n+4)

U1 —1—(n—3)(% —1)(Opy1—1)
n19,,+1 — (n — 1)19,7(219"4_1 — 1)
N1, forany n>1,

with ag = bg = ¢ = dy = eg = 0.

p.54
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3-fold symmetric 2-orthogonal " classical” polynomials: the simplest case

p.55

Here Qn(x) := n+1 P} 1(x) = Pn(x). Additionally

ug—x u =20
Yor1 = (n+1)(n+2), and
up = —uj

and
— P 1(x) +xPhi1(x) = nPpy1(x), n>0.

Remark. The polynomials appear in the Vorob'ev-Yablonski polynomials
associated with rational solutions of Painlevé Il equations (Clarkson &
Mansfield'03)
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3-fold symmetric 2-orthogonal " classical” polynomials: case A

Integral representation (AL&VA)
<uwp,f> = /f(x)Wo(x)dx, forall fe 2,
r
<u,f> = /f(x)Wl(x)dx7 forall fe 2,
r

where Wy :T'=TguUl Ul — R defined by

Wo(x) = Ai(x)1Ir, —e 23 Ai(e 2713 x)Ir, — 2 /3 Ai(e®™/3x)Ir,

with rk:{w: arg(w):m‘Tﬂ},with k=0,1,2,

51

.
where the orientations of I, are all taken from left to right
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Plot of the zeros of Psg, P31 and Ps3)

. 5
o
.
o
o, - n=30
e,
* n=31
N i 0 i fes
o - n=32
¢
K
o
o
o
s
o
.
o
.
o 10

Remarks.
- All the zeros of P,(x) are located on pUTl; U,
- In each Ty, between two zeros of P, there is one zero of P, and P, 1.
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