LTCC Geometry and Physics: Exercise Sheet 4

Homotopy theory
1. Let a be the loop

a:[0,1] = R*\ {0} : ¢ ( Zfsgzg)

By constructing a suitable homotopy show that [a * o] = [c] where

c:[O,l]—>]R2\{O}:tH(é>.

2. Let «, § and ~ be three loops. Show that
[(ax B) x~] = [ax* (B 7).

3. Consider the equivalence relation in the R?-plane
: k
x ~y if x:y—i—( ] ), where k,l € Z.
The equivalence classes form the torus 72. Let
a:[O,l]—)TQ:tH(g) and B:[O,l]—>T2:tr—><é).

(a) Think of the torus as a donut and sketch the loops « and /.

(b) Show that for the torus [a * 8% a™! % 7! =[] for a suitable constant

path ¢. What does this mean? (Hint: [« * 8] =7)

Vortices

5. Show that ) \
_ 1 2 L DaDb (132 g2
V_2/(B +D1¢DZ¢+4(1 ) )dx,

is gauge invariant under
¢ = €%
a;, — a;+ 0«
where D; = 0;¢ — ia;¢, and B = 01as — Oqa,.
6. The vector potential is a one form

a = ajdx + axdy = a,dp + asdf.

Show how a, and agy are related to a; and ay. For the field strength f = da

calculate fio and f,y where

[ = fiadx Ndy = frpdp A db.
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7. Show that the gauge transformation
¢ — e’
is not continuous.
8. Derive the equations of motions for L =T —V

(a) for the relativistic Lagrangian

1

T = 5/ (€1 + €5 + Dog Do) d*,

where e; = Oya; — 0;ag are the components of the electric field.

(b) For the Schrédinger-Chern-Simons Lagrangian
T = / <% (¢Do¢ — ¢Dod) + Bag + e1as — esay — a0> d?x.

9. Show that inserting h = 2g + 2log (1(1 — |2]?)) , into

N
V2h +Q — Qe = 4#252(2— Z)

r=1

where

8

=0

gives rise to Liouville’s equation
N
Vig —e* = 27rz52(z — 7).
r=1

The solution of Liouville’s equation is

2

)

d,
9= ~tog (5017 ) + S| T

where f(z) is an arbitrary complex function.

Take 9
z—J
10- (%)

and calculate the metric for a single vortex using the formula from lecture 5.
Show that the Kahler potential for this metric is proportional to log(1 — |z|?).
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