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Chapter 1

Differential Geometry
and Mathematical Physics

Andrew Hone and Steffen Krusch

School of Mathematics, Statistics & Actuarial Science
University of Kent, Canterbury CT2 7NF, UK

The chapter will illustrate how concepts in differential geometry arise
naturally in different areas of mathematical physics. We will describe
manifolds, fibre bundles, (co)tangent bundles, metrics and symplectic
structures, and their applications to Lagrangian mechanics, field theory
and Hamiltonian systems, including various examples related to inte-
grable systems and topological solitons.

1. Manifolds

Manifolds are a central concept in mathematics and have natural applica-
tions to problems in physics. Here we provide an example-led introduction
to manifolds and introduce important additional structures.

A simple, yet non-trivial, example of a manifold is the 2-sphere S?, given
by the set of points

3
S? = {(1'1,1'2,1'3) : Zw? = 1}.
i=1

Often, we label the points on the sphere by polar coordinates:
r1 = cos¢sinf, xo=singsinf, x3= cosb,
where 0 < ¢ <27, 0 <6 <.

However, there is the following problem: we cannot label S? with a single
coordinate system such that nearby points have nearby coordinates, and
every point has unique coordinates.
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(X1, Xo, X3)

Fig. 1. Stereographic projection.

Polar coordinates suffer both problems: the point (1,0,0) has coordi-
nates § = w/2 and ¢ = 0, whereas the nearby point (v/1 — €2, —¢,0) for
small € has coordinates § = 0 and ¢ ~ 2w — ¢, which is not nearby. Further-
more, the north pole (0,0, 1) is given by # = 0 and ¢ is arbitrary, which is
clearly not unique. An alternative is to use stereographic coordinates which
are constructed as follows. Let N be the north pole given by (0,0, 1). Given
any point P € S?\ {N}, draw a line through N and P. This line inter-
sects the x1xo-plane at the point (X7, X2, 0), see Fig. 1. A short calculation
shows that these coordinates are given by X; = 1f;;3,X2 = 12:3 Stereo-
graphic coordinates give every point other than the North pole N a unique
set of coordinates. However, close to the North pole nearby points do not
have nearby coordinates. In order to proceed, we have to use more than
one coordinate system, and this gives rise to the definition of a manifold.

Definition 1.1. M is an m-dimensional (differentiable) manifold if

M is a topological space.

M comes with family of charts {(U;, ¢;)} known as an atlas.?
{U;} is family of open sets covering M: |J, U; = M.

¢; is homeomorphism from U; onto an open subset U/ of R™.
For each U; N U; # 0, the map

Yij = ¢; 0 ¢j_1 105 (UinU;) — ¢0:(U; NU;)

is C*°. The ;; are called crossover maps.

The above definition is illustrated in Fig. 2.

2T'wo atlases are compatible if their union is again an atlas. Compatibility introduces
an equivalence relation with equivalence classes known as differential structures.
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Yij = dio oyt 0 (UinUj) = ¢i(Ui N ;)

Fig. 2. A manifold and two overlapping charts.

Example 1.2 (The 2-sphere S?). The projection from the North pole
gives

£ €2
X1: 5 X2: 5
1—.’173 1—.%‘3

with open sets U; = S?\ {N} and U] = R2. Then the first chart is given
by
¢1 : U1 — RQ
(x1, 29, 23) — (X1, X3).

Similarly, the projection from the South pole results in

1
1+ 23

— L2
o 1+1’3’

Yi = S

with open sets Uy = 52\ {S} and U} = R2. Then the second chart is

(b2 . U2 — Rz
(21,29, 23) — (Y1,Y2).

The crossover map a1 = ¢g 0 (/5{1 can then be calculated as

X, — X5
:R%\ {0} = R?%; (X, X, Y1, Ys) = , (11
o R0} — B (360, X0) - 0193) = (g g ) ()
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Example 1.3 (The 3-sphere S3). The 3-sphere is given by the set of
points

4
53 = {(.’)31,.’172,563,564) . Zx? = }

i=1
It can also be labelled by stereographic coordinates, which work the same
way as for $%, e.g. X; = x;/(1—x4) for i = 1,2, 3 define the projection from
the North pole N. However, S can also be identified with the Lie group
SU(2), i.e. complex 2 x 2 matrices which satisfy

UU' =UU=1 and detU =1. (1.2)

21 Z2
U= R I
—22 21

all the conditions in (1.2) are seen to be satisfied provided |z1|? +|22|* = 1,
which corresponds to the equation for S e.g. if we set z; = 1 + iz,
z9 = x3 + ix4. Hence the 3-sphere can be given a group structure.

Upon setting

1.1. Maps between manifolds

Let M be an m-dimensional manifold with charts ¢; : U; — R and N be
an n-dimensional manifold with charts 1; : ﬁj — R". Let f: M — N be a
map between the two manifolds, so a point p — f(p). This has a coordinate
presentation

Fji=1j0fod "t R™ 5 Rz ;(f(6; " (2))),

where = = ¢;(p) (p € U; and f(p) € U;). Using the coordinate presenta-
tion, all the rules of calculus in R™ work for maps between manifolds. If
the presentations Fj; are differentiable in all charts, then f is said to be
differentiable.

2. Fibre Bundles

Often manifolds can be built up from smaller manifolds. An important
example is the Cartesian product of two manifolds, £ = M x F. Fibre
bundles are manifolds which look like Cartesian products locally, but not
globally. This concept is very useful for physics: non-trivial fibre bundles
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occur in general relativity, and also in field theories due to boundary con-
ditions “at infinity.”

Definition 2.1. A fibre bundle (E,7, M, F,G) consists of the following
properties:

e A manifold E called the total space, a manifold M called the base space
and a manifold F' called the fibre (or typical fibre).

e A surjection w : F — M called the projection. The inverse image of a
point p € M is called the fibre at p, namely 7= 1(p) = F, 2 F.

e A Lie group G called the structure group which acts on F' on the left.

e A collection of open sets {U;} covering M and diffeomorphisms ¢; :
U; x F — 7= 1(U;), such that 7 o ¢;(p, f) = p. Each map ¢; is called a
local trivialization, since (bi_l maps 7 1(U;) to U; x F.

e Transition functions ¢;; : U;NU; — G, such that ¢,(p, f) = ¢i(p, tij(p)f),
so ti; = ¢; o ¢; holds for fixed p.

The transition functions ¢;; satisfy the conditions

t”(p) € Vpe Ui,
tl](>:tz() VPEUiﬂUj,
( ) tk( ): k(p) VpEUiﬂUjﬂUk,

to be consistent with the fact that ¢;; € G. If all the transition functions are
the identity map e, then the fibre bundle is the trivial bundle E = M x F.
In general, the transition functions of two local trivializations {¢;} and {¢;}
for fixed {U;} are related via

tii(p) = g; ' () - ti;(p) - 9;(p),

where for fixed p, we define g, : F' — F, g; = ¢i_1 o¢;. For the trivial bundle,
ti;(p) = 9; ' (0) - 9;(p).

Example 2.2 (U(1) bundles over S? and magnetic monopoles).
Consider a fibre bundle with fibre U(1) and base space S2. Let {Un,Us}

be an open covering of S2 where
Un ={(0,9):0<0<m/24€0<¢<2n},
Us={(0,¢):m/2—e<0<m0<¢<2m}

The intersection Uy NUg is a strip which is basically the equator. The local
trivializations are ¢y (u) = (p,e'®V), ¢5'(u) = (p,€'s), where p = 7(u).
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Possible transition functions are tyg = €*?, where n € Z, and define differ-
ent bundles, denoted P,. The fibre coordinates in Uy N Ug are related via

eiocN _ ein¢eias )

If n = 0 this is the trivial bundle Py = S? x S1. For n # 0 the U(1) bundle
P, is twisted. P, is an example of a principal bundle because the fibre is
the same as the structure group G = U(1). In physics, P, is interpreted as

a magnetic monopole of charge n.

Example 2.3 (Hopf bundle). The Hopf map 7 : S — S2, with $3 =
{m ER*:z?+ 22+ 22 +22= 1}, is defined by

& = 2(z123 + 2oms), Eo = 2(wowy — x174), &3 =] + a5 — a3 — ],
which implies &7 + &35 + ¢2 = 1. It turns out that with this choice of coor-

dinates S3 can be identified with P;, a non-trivial U(1) bundle over S2,
known as the Hopf bundle.

2.1. Tangent vectors

Given a curve ¢ : (—e,e) — M and a function f : M — R, we define

the tangent vector X[f] at ¢(0) by taking the the directional derivative of

f(c(t)) along c(t) at t = 0, namely,?
df(c(t)

X[f)= =52

t=0
In local coordinates (z#), with n = dim M, this becomes

" Of dat(c(t))
dakdt

p=1

Hence tangent vectors act on functions via

X[f] = x* (ﬁ) ,

oxH

where above there is an implicit sum over repeated indices. (This is the
Einstein summation convention, and henceforth we shall always use this.)

b Alternatively, tangent vectors can be defined as equivalence classes of curves.

page 6
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Vectors are independent of the choice of coordinates, hence we write

0 =, 0
X=X'—=X'"—
ozt oyt
for another set of coordinates (y*), with X* and X* related via X# =
XV oy*
oxv

. It is very useful to define the pairing

, 0 ox” 5
<d$ ’@>=@=5w

which leads us to 1-forms (or covectors) w = w,dz", also independent
of choice of coordinates, and extends by linearity to the pairing between
vectors (or vector fields) and 1-forms:

ixw = (w, X) =w, X",

Now, under a change of local coordinates, we have

G~ N oxt
w=w,dz" =o,dy" = wy:w"@—y”' (2.1)

This can be generalized further to tensors T#1#a, ., of type (¢,7), with
¢ upper (contravariant) and r lower (covariant) indices.

2.2. Tangent bundle

Let M be an n-dimensional manifold. At each point p € M, tangent vectors
can be added and multiplied by real numbers, so the set of all tangent
vectors forms an n-dimensional vector space, denoted T),M. For a set of
local coordinates () at p, a basis of T, M is given by 9/9z", 1 < p < n.
The union of all tangent spaces forms the tangent bundle

T™ = | J T,M.
peEM
T M is a 2n-dimensional manifold with base space M and fibre R™. It is an
example of an important kind of fibre bundle known as a vector bundle.
Similarly, at each point p € M the 1-forms form the cotangent space
T," M, which is the dual space to T, M. The union of all cotangent spaces
forms the cotangent bundle
°M = | Ty M,
peEM
another 2n-dimensional manifold which is a vector bundle with base space
M and fibre R™. More generally, at each point p, tensors of type (q,r) are
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elements of the tensor product T,M @ - - @T, M @ Ty M ®---®T; M with ¢
copies of T, M and r copies of T,,* M, and the corresponding tensor bundle
is defined similarly.

Example 2.4 (The tangent bundle TS2). To construct the tangent
bundle of $? we use the two stereographic projections as our charts. The
coordinates (X1, X5) € U] and (Y1,Y3) € U} are related via (1.1). Given
u € T'S? with 7(u) = p € Uy N Us, then the local trivializations ¢; and ¢
satisfy ¢! (u) = (p, V{*) and ¢ *(u) = (p, V4'). The local trivialization is

t1o = =

0(X1,X2) (X7 + X3)?

_0W,Ys) 1 X2 - X? —2X1 X,
—2X1 Xy X2 —Xx2 )

The reader may check that t2;(p) =t (p).

Given a smooth map f : M — N between manifolds, we can define a
map between tangent spaces,

fo i TpM — TN
V= £V,

which is called the pushforward of f. If g € C°°(N) then go f € C>*°(M),
and the action of the vector f.V on g is given by

fVi(g)=Vigef)
Similarly, there is a map between cotangent spaces,

[T N — T, M
w— ffw

called the pullback. The pullback can be defined via the pairing between
vectors and 1-forms: (f*w,V)y = (w, f.V)N.

2.3. Sections

Definition 2.5. Let (E, M, ) be a fibre bundle. A section s : M — E'is a
smooth map which satisfies mo s = idps. Here, s/, is an element of the fibre
F, = 7~ !(p). The space of sections is denoted by I'(E).

A local section is defined on a subset U C M, only. Not all fibre bundles
admit global sections (defined on the whole of M).

page 8
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Example 2.6 (Vector and tensor fields). A vector field V on a manifold
M is a section of the tangent bundle: V' € T'(T'M), associating a tangent
vector to each point in M. In local coordinates @ = () this means V =
VH(x)0/0z", where the components V#(x) define a map from (part of)
R™ — R™. Similarly, a differential 1-form is a section of 7" M, and a tensor
field of type (g, r) is a section of the corresponding tensor bundle.

Example 2.7 (Wave functions). The wave function ¥(x,t) of a single

particle in quantum mechanics can be thought of as a section of a complex
line bundle F = R3! x C.

Vector bundles always have at least one section, the null section sg with

¢; H(s0(p)) = (p.0)

in any local trivialization. A principal bundle E only admits a global section
if it is trivial: £ = M x G. A section in a principal bundle can be used to
construct the trivialization of the bundle, using the fact that there is a right
action which is independent of the local trivialization: ua = ¢;(p, g;a) for
any a € G.

2.4. Assoctated vector bundle

Given a principal fibre bundle P with base M, 7 : P — M with 71 (p) =
G, and a k-dimensional representation p : G — Aut(V) of G on a vector
space V', the associated vector bundle I/ = P x,V is defined by identifying
the points

(u,v) and (ug,p(g)~'v) € PxV,

where u € P, g € G, and v € V. The projection mg : E — M is defined by
g (u,v) = w(u), which is well defined because

me(ug, plg)~'v) = w(ug) = n(u) = 7p(u,v).

The transition functions of E are given by p(t;;(p)) where t;;(p) are the
transition functions of P. Conversely, a vector bundle naturally induces a
principal bundle associated with it.

2.5. Metric tensor

Manifolds can carry further structure, an important example being a met-
ric. A metric ¢ is a (0,2) tensor which, at each point p € M, must satisfy
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the following conditions, for all U,V € T},M:

(1) 9o(U, V) = gp(V, U);
(2) g,(U,U) > 0, with equality only when U = 0.

The metric g provides an inner product on each tangent space 1T,,M, and
(M, g) is called a Riemannian manifold.® The metric gives an isomorphism
between vector fields X € I'(T'M) and 1-forms n € T'(T*M) via

g(X) =nx.

In physics notation g,,, and its inverse g"* lower and raise indices, and one
writes

g=ds® = Guvdxt da”.

If M is a submanifold of N with metric gy and f : M — N is the
embedding map, then the induced metric gps is
af*ofs

Ok dxv

gM,u,u(I') = gNaﬁ(f(x))

2.6. Connection on the tangent bundle

The “derivative” of a vector field V = V# agu with respect to ¥ is

oVH ) Ve ov + Az, ) = VR aY, )
—— = lim .
ox¥  Azr—0 Az?

This does not work as the first vector is defined at = + Az and the second
at . We need to transport the vector V# from z to x + Ax “without
change.” This is known as parallel transport, and is achieved by specifying
a connection T*,, namely the parallel transported vector V# is given by

Vi(z 4 Az) = VA(z) — VMNz)DH A (z)Az”.
The covariant derivative of V' with respect to " is

1 _ K )7
lim Vi(x + Ax) — VH(x + Ax) _ oV

VATH, .
Azv—0 Azv ox” + A

¢Condition (2) defines a Riemannian metric. If g is non-degenerate but of indefinite sig-
nature, it is called pseudo-Riemannian; this is required for special and general relativity.
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In the case where a manifold comes equipped with a (pseudo-) Rieman-
nian metric g, it can be required that the metric g is covariantly constant,
meaning that if two vectors X and Y are parallel transported along any
curve, then the inner product g(X,Y") remains constant. The condition

Vv (9(X,Y)) =0,

yields the Levi-Civita connection. The Levi-Civita connection is specified
locally by the Christoffel symbols, written as

Fﬁ;w = %gﬁ)\ (a,ugu)\ + augu)\ - a)xg,uu) . (2'2)

Example 2.8 (General relativity). The Christoffel symbols do not
transform like a tensor. However, from them, one builds the Riemann cur-
vature tensor:

Ry = 0,1 n — O, i + LTI = T 050
Important contractions of the curvature tensor are the Ricci tensor Ric,
Ricy, = R)‘,Ml,,
and the scalar curvature R,
R = g"" Ricy,.

Now, we have the ingredients for Einstein’s field equations of general rela-
tivity, namely

Ricy, — %gWR =81GT,,

where G is the gravitational constant and 7),, is the energy-momentum
tensor which describes the distribution of matter in spacetime.

2.7. Yang—M:lls theory and fibre bundles

An example of Yang—Mills theory is given by the Lagrangian density
L=1LTr(F,,F*) +1(D,®) Dre - U@ o), (2.3)

where U(+) is a potential energy density,

D,®=0,2+A,®, and F, =0,A, —0A,+[A,,A].
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Here ® is a two-component complex scalar field (Higgs field), while A,
is called a gauge field and is su(2)-valued, i.e. A, are anti-Hermitian
2 x 2 matrices; F,, is known as the field strength (also su(2)-valued).
This Lagrangian is Lorentz invariant: indices are raised and lowered with
the Minkowski metric g,, = diag(l,—1,—1,—1), and the Lagrangian
remains the same under linear coordinate transformations which preserve
this quadratic form.

The Lagrangian (2.3) is also invariant under local gauge transforma-
tions: Let g € SU(2) be a spacetime dependent gauge transformation with

d>gdb, and A, —gA,g ' —0.g-g "

The covariant derivative D, ® transforms as
D,® — 0,(g®) + (gA,g™' —0ug-g ') g® = gD,

Hence ®7® +— (g®)Tgd = ¢igigd = &T®, and similarly for (DM(I>)Jr DH.
Finally, F,, — gF,,g™ !, so Tr (F,, F*) is also gauge invariant.

Yang-Mills theory can also be described in a more mathematical lan-
guage: The gauge field A, corresponds to a connection on a principal SU(2)
bundle. The field strength F,,, corresponds to the curvature of the principal
SU(2) bundle. The Higgs field ® is a section of the associated C? vector
bundle. The action of g € SU(2) on ® and A, is precisely what is expected
for an associated fibre bundle. Surprisingly, mathematicians and physicists
derived the same result very much independently!

3. Forms and Integration

3.1. Differential forms

Differential r-forms are (0,7) tensor fields which are completely antisym-
metric, that is, they acquire a minus sign under interchange of any two
indices. A basis for Q" (M), the set of r-forms on an n-dimensional mani-
fold M, is given in local coordinates at each point by

{dat* Ao Ndah |1 <y <o < e <}

Setting Q°(M) = C°°(M), for 0 < k,I < n the wedge product gives a
bilinear map

A QF x QF — QR
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satisfying associativity, i.e. (a A B) Ay =a A (8 A7), and the property
aAB=(-D"3Aa.

The exterior derivative d : QF — QFFL can be defined as follows: Given

1
w= Ewmm#k dzht A - A date e QF,

its exterior derivative dw € QF T is

1 0
dw = o (a—wm,,,uk) dz” AN dxP*t Ao A datE.
! T,

From this definition it is an easy exercise to show that d?w = 0 for any
differential k-form w.

Example 3.1 (Symplectic form). A symplectic form w is a 2-form which
satisfies

(1) wis closed, i.e. dw = 0;
(2) wis non-degenerate: at each point p € M, w(U,V) =0forall V € T, M
implies U = 0.

In local coordinates, w can be written as
-1 I v
w = swuydz" N dz”.

Like a metric g, a symplectic form also provides an isomorphism between
vector fields and 1-forms via
(rm)—r{Ir=m
(TM) = D(T*M) -
Vi w(,V),

and a manifold M equipped with a symplectic form is called a symplectic
manifold.
3.2. Integration on manifolds

Recall that, under change of coordinates, 1-forms transform according to
(2.1). Two charts define the same orientation provided that

oxt
det | — | > 0. 3.2
‘ (ay”) 32
A manifold is orientable if for any overlapping charts U; and Uj there exist
local coordinates a#* for U; and y* for U; such that (3.2) holds. The invariant
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volume element on a (pseudo-)Riemannian manifold M is given by
Q=+/|gldz' A A da™  where |g| = | det(gu)|. (3.3)

Given 2 and an orientation, a function f : M — R can be integrated
over M. For one chart,

[ to= [ ser@)iser @ldet et . dam
f i(Ui)

For the whole of M, one takes a partition of unity, which is a family of
differentiable functions €;(p), 1 <i < k such that

Then the integral of f over the whole manifold M, covered by k charts, is

k
[2=3 /U W),

A fundamental result on integration is the generalized Stokes theorem.

Theorem 3.2. If w is an r-form and R an r + 1-dimensional region in M

with boundary OR, then
/ dw = / w.
R R

Example 3.3 (Green’s theorem). For w = pdx + q dy in R?,
dw = (039 — Oyp)dz A dy.

Hence, integrating around a closed curve C enclosing a region R C R? gives

fé(pdq; +qdy) = //R(axq — Oyp)dzdy,

which is Green’s theorem in the plane.

page 14
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Example 3.4 (Stokes theorem and divergence theorem). In R? with
w = fidz + fody + fsdz, we have

dw = (ayf?) - azf2)dy/\ dz+ (azfl - awf?))dZA dr+ (awa - 8yfl)dx/\ dy7

which gives rise to the traditional Stokes theorem in vector form:

}éfdr://s(V/\f)-ndS.

On the other hand, if w = f1dy A dz + fodz A dx + f3dx A dy then
dw = (0pf1 + Oyfa + 0. f3) dz A dy A dz,

which yields the divergence theorem:

J[[v-taviyaz= [[ £ nas

When a manifold has a metric, there is another important operation on
forms called the Hodge star. The totally antisymmetric tensor is defined by

+1 if (uape ... puy) is an even permutation of (12...n),
€prpizeym = & —1 if (uaps2 ... py) is an odd permutation of (12...n),
0 otherwise.

The Hodge star is a linear map * : Q"(M) — Q" "(M) which acts on a
basis vector in Q" (M) according to

*(dxﬂl A A dx"") — _V|;g|6,u1~--urr»yr+lmyn dxY P A - A datr.
n:

The invariant volume element in (3.3) is 2 = «1.

Example 3.5 (Hodge star on R3). In the Euclidean space R,
xl=dx ANdyNdz,xde=dy N dz,xdy = dz \ dz,*dz = dx N\ dy,
xdy N dz = dx,xdz N de = dy,xdx N dy = dz,xdx Ndy AN dz = 1.

Now suppose that (M, g) is Riemannian, dim M = n and w is an r-form.
Then applying the Hodge star twice gives

wxw = (=1)" "y,

which shows that * is an isomorphism. Given the coordinate expressions

1 1

w = ﬁwuqmur dz"* N --- ANdx?  and n= ﬁnu1~~~U7‘ dazPr A - A dl‘“",

page 15
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in terms of the volume form (3.3) we have
WA*N ="+ = ﬁwmmu,‘n“l“‘“r Q0.

Thus an inner product on r-forms is defined via

(w,n) = /M w A *1), (3.4)

and this product is symmetric and positive definite.

Example 3.6 (Ginzburg—Landau potential). Ginzburg-Landau vor-
tices on R? are minimals of the potential energy functional

V((b,a):%/w (da/\*da—l—m/\*da(b—l—2(1—(5@2*1), (3.5)

where ¢ : R? — C is a complex scalar field, a = a1 dz! +az dz? € Q1 (R?) is
the gauge potential 1-form, d,¢ = d¢—ia@, and * is the Hodge isomorphism.
In usual physics notation,

— A —

where Dl¢ = 8z¢ — ia,¢ and f12 = 81&2 — (92&1.

Given the exterior derivative d : Q"~1(M) — Q"(M) we can define the
adjoint exterior derivative df : Q" (M) — Q"1 (M) via

dl = (1)t s d o«

If (M,g) is compact, orientable and without boundary, and « € Q"(M),
B € Q Y(M) then

(dB,a) = (B,d ),

so d is the adjoint with respect to the inner product (3.4). The Laplacian
A QN (M) — Q" (M) is defined by

A= (d+d")?=dd +dld.

For a function f : M — R, it is a useful exercise to show that in coordinates
the Laplacian is given by

Af = ——— 3,(\/Iglg"™ 0. ).

VIl
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An r-form w, is called harmonic if Aw, = 0, and the set of harmonic
r-forms is denoted by Harm"(M).

Theorem 3.7 (Hodge decomposition).
Q" (M) =dQ" (M) @ d'Q"™ @ Harm" (M),
that is, any w, € Q" (M) can be decomposed as
wr = doy_1 + d' Brgy +
with Avy, = 0.

In fact, Harm” (M) = H" (M), where H" (M) is the de Rham cohomol-
ogy group (closed r-forms modulo exact r-forms).

Example 3.8 (Maxwell’s equations). The four Maxwell equations for
the electric field E and magnetic field B can be written in vector form as
OE 0B

V-E=p VAB-—-=j V-B=0 and VAE{— =0,

where, in terms of the electromagnetic potential (4p, A),

OA
E=-VA;—— and B=VAA.
ot
In differential geometry notation, the potential is encoded into a 1-form A,
and the electromagnetic field tensor is the 2-form F = dA. With a 1-form
current j, the Maxwell equations are just

d'F=3j and dF=0.

3.3. Complex manifolds

If z=x+ iy and f = u+ v then f(x,y) is holomorphic in z provided the
Cauchy—Riemann equations are satisfied:

ou Ov ou ov

5z "oy oy or
A complex manifold is a manifold such that the crossover maps v;; are all

holomorphic. Examples of complex manifolds are C"*, S2, T2, CP", and
52n+1 % SQerl’
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An almost complex structure is a (1,1) tensor field J which acts linearly
on T, M in terms of real coordinates as

0 0 0 0
— = Jy—=—— 3.6
Pogr — oyr’ “Poymr Oxk (36)
with Jp2 = —idr, a4 In terms of complex coordinate vectors we have
0 .0 0 .0
Togn =V Mo = g

(multiplication by i = v/—1).

A Hermitian metric is a Riemannian metric which satisfies
9p(Jp X, JpY) = gp(X,Y),
i.e. g is compatible with J,. The vector J,X is orthogonal to X:
9p(Sp X, X) = gp(JEX, JpX) = —gp(JpX,X) = 0.

For a Hermitian metric g,, = 0 and gzp =0, e.g.

(9 oN_ (0 aN_ (0 o\ __
Iy =9I\ G 92 ) TI\ Pz P ) T 9an o ) T I

Given the metric and an (almost) complex structure, define w via
wp(X,Y) =g,(J,X.Y), X, Y eT,M.
Then w is an antisymmetric tensor field, and invariant under J), :
wX,Y)=-wl.X), wlX,J,Y)=wlXY).
Moreover, w is a real form and can be written as
w = —igupdz" N dz".

Also, wA -+ Aw (dime M times) provides a volume form for M. If dw =0
then g is called a Kdahler metric. For a Kéhler manifold, the metric g is
related to the antisymmetric Kahler form w which can be interpreted as a
symplectic 2-form.

dCompare this with the matrix appearing in the right-hand side of (4.9) below.
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Remark 3.9. As we shall see later, topological solitons of Bogomolny type
usually have a “moduli space” of static solutions which is a smooth manifold
with a natural Kdhler metric given by the kinetic energy.

4. Geometry in Classical Mechanics

The language of differential geometry is extremely useful for formulating
classical mechanics. There are two main approaches: Lagrangian mechanics
and Hamiltonian mechanics; and these two approaches lead to two different
geometrical settings: symplectic geometry and Poisson geometry.

4.1. Lagrangian mechanics

The traditional formulation of Lagrangian mechanics involves two man-
ifolds, namely the configuration space () together with its tangent bun-
dle T'Q. Suppose that @ has dimension n, and local coordinates (q,v) =
(¢, ¢% ..., q" vt v2, ... ,v") are given on T'Q. Then the motion of a system

is specified by the Lagrangian, which is a function
L: TQ — R,

so locally L = L(q, v). If the velocity v = q is the tangent vector to a path
v in @ parametrized by time ¢t (with dot denoting d/dt), then we can write
L = L(q,q) and consider the function L along the path . The action S
associated with L is given by integrating it between two fixed, arbitrary
times tg < t1 to obtain

S= / " L(a(t), &(r) dt,

and the Principle of Least Action selects those paths which are stationary
under variation of the action, i.e. 4§ = 0. By a standard result of the
calculus of variations [9], this yields the Euler-Lagrange equations

d (0L oL .

Example 4.1 (Harmonic oscillator). With ¢ = R, a harmonic oscil-
lator of mass m and frequency w is specified by the Lagrangian L =
%mq'2 — %mquz.
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Example 4.2 (Simple pendulum). For Q = S* with angular coordinate
q € (—m, ), the Lagrangian for a simple pendulum of mass m and length
{ experiencing gravitational acceleration g is L = %mﬂ(f —mgl(1l —cosq).

Example 4.3 (Newton’s second law). The preceding two examples
are particular cases of a Lagrangian of the form L = 1 > My (¢7)? = V(q)
(kinetic energy minus potential energy), with the Euler-Lagrange equations
(4.1) being

2% .
qu]:—a—qj, j:l,...,n,

corresponding to Newton’s second law with conservative forces described
by the potential V.

Example 4.4 (Geodesic flow). Given a Riemannian manifold ¢ with

metric g given in local coordinates as ds® = g;,d¢’ dq*, consider S =
I, ti)l L dt with the purely kinetic Lagrangian
L=$9(4,4) = 395x(a)d’ " (4.2)

(the summation convention is assumed throughout). Then (4.1) produces
i +T,4" =0, (4.3)

where Fil are the Christoffel symbols (2.2). These geodesic equations can
also be obtained as the paths of minimum length [5], by taking the alter-
native action ﬁ? ds = fttol V9(a, q) dt. The latter interpretation no longer
applies in the pseudo-Riemannian setting, since g is not positive definite,
e.g. in the case of general relativity with n = 4, where g has the Lorentzian
signature (4, —, —, —), and equations (4.3) describe a free particle moving
through spacetime [15].

4.2. Hamiltonian mechanics: canonical case

The Euler-Lagrange equations (4.1) are ordinary differential equations of
second order for the generalized coordinates q. An alternative formulation
of mechanics, due to Hamilton, is framed in terms of differential equa-
tions of first order. The canonical version of Hamiltonian mechanics can be
derived from the Lagrangian setting by performing a Legendre transforma-

tion, defining the generalized momenta p = (p1, pa, ..., pn) according to
oL .
Pi= 55 j=1,...,n, (4.4)
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and introducing

H(q,p) = (p,Vv) — L(q,V), (4.5)

with (,) denoting the standard scalar product (so in components H =
p;v’ — L). In general, the Hamiltonian H can only be found as a function
of p (and q) if (4.4) can be inverted to find v = v(q, p); so the Hessian
matrix (&?jﬁ) must be non-singular, in order to apply the implicit func-
tion theorem.

Theorem 4.5. Given momenta p; and velocities v/ = ¢/ related by (4.4),
and the corresponding Legendre transformation (4.5) between functions
L and H, the Euler—Lagrange equations (4.1) hold for q if and only if
Hamilton’s canonical equations

. OH ) OH

g 2 L 4.
q o’ Dj 9 (4.6)

are satisfied for j =1,...,n.
Proof. From (4.5) we have on the one hand
. oL ., . oL ;
— vidps — 22 ddd R J
dH = v dp; g0 dg’ + (p 81}1) dv’,
where the last term in brackets vanishes by (4.4), while on the other hand

oOH = . OH . .
dH = —dq¢’ + —dp’.
0qJ T+ opJ v

Comparing these two expressions yields

oH 9L . 0H

o= 0w "o
and with v/ = ¢/ the result follows. O

Example 4.6 (Natural Hamiltonian). Applying the Legendre transfor-
mation to the Lagrangian in Example 4.3, we see that the Hamiltonian is

m-y Wl ),

2mj

where the momenta are p; = qu'j (mass times velocity) for j = 1,...,n.
This is an example of a natural Hamiltonian, given as a sum of kinetic and
potential energy, with the kinetic term being quadratic in momenta.



November 7, 2016 13:21 Analysis and Mathematical Physics 9in x 6in 2nd Reading b2676-ch01 page 22

22 A. Hone and S. Krusch

Example 4.7 (Geodesic Hamiltonian). The most general kinetic term,
quadratic in momenta, arises from Example 4.4. In that case, the Legendre
transformation produces the Hamiltonian for geodesic flow, which is

H = 39" (@)p;pr, (4.7)
where g’% are the components of the co-metric tensor (g/% gy, = (55).

Geometrically, the formula (4.4) defines a map TQ — T*Q, which sends
the vector v/9/0¢’ to the Poincaré 1-form o = p;dg’. This yields the
symplectic form

w=da=dp; Ad¢, 4.8
j

which endows the phase space M = T*(@Q with the natural structure of
a symplectic manifold. Any symplectic manifold is of even dimension, 2n
say, and the Darboux theorem says that in the neighbourhood of any point
there exist coordinates (¢',...,¢",p1,...,pn) (called canonical coordinates
and momenta, or Darboux coordinates) such that the symplectic form is
given by the expression (4.8).

By contraction, the symplectic form defines the isomorphism (3.1)
taking vector fields to one-forms. Thus to any function F € C°(M)
we can associate a Hamiltonian vector field Vp € T'(T'M), defined by
w(-,Vp) = dF. Equations (4.6) give the flow of the Hamiltonian vector
field Vi, which can be written with vector notation as

6_H
O-cols) e
o) -1 0 a_H

The symplectic form is preserved under Hamiltonian flow, in the sense that
Yjw = w where ¢, : M — M is the time ¢ flow map generated by Vg. It
follows that for each k, 1 < k < n, the 2k-form w Aw A --- Aw (k times) is
preserved by the flow; the particular case k = n (preservation of the phase
space volume form) is known as Liouville’s theorem, and is a key result in
statistical mechanics [16].

The inverse of the map (3.1) defines a bivector field J (a contravariant
antisymmetric 2-tensor), called the Poisson tensor, which maps 1-forms to
vector fields, so in particular Vg = J(-,dH), and in terms of Darboux
coordinates the components of J are given by the matrix appearing on
the right-hand side of (4.9). The Poisson tensor can be used to define the
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Poisson bracket {, } between functions, which is a bilinear skew-symmetric
bracket given by

{F,G} = J(dF, dG) (4.10)

for F,G € C°°(M). This yields the canonical Poisson bracket relations
between the Darboux coordinates, namely

{¢,pe} =0}, {d,d"} =0={pj,pi}. (4.11)

After quantization, the latter relations become the canonical commutation
relations discovered by Born [6].°

The problem of explicitly integrating differential equations is a difficult
one, and in general is a hopeless task. However, for a Hamiltonian system,
Poisson brackets provide an algebraic way of determining first integrals
(constants of motion) due to the following result.

Proposition 4.8. A function F is a first integral of the Hamiltonian flow
generated by H if and only if it is in involution with H, i.e. {F,H} = 0.

Proof. For any function F' the time evolution is given by

‘2—1; — iy, dF = J(dF,dH) = {F,H}. (4.12)

Hence Cfi—f = 0 if and only if the Poisson bracket of F' with H vanishes. [

From the skew-symmetry of the bracket, it follows that H itself is a
constant of motion for the Hamiltonian flow that it generates. Thus the
solution of a Hamiltonian system is restricted to a level set H =constant,
of codimension one in phase space. If there are additional first integrals then
the motion is further restricted, and it may even be possible to integrate it
completely.

Definition 4.9 (Complete integrability). A Hamiltonian system on a
symplectic manifold M of dimension 2n is said to be completely integrable
if it admits n functions H = Hy, Ho, ..., H, which are functionally inde-
pendent (dH1 AdHs A--+ A dH, # 0) and in involution with respect to the
Poisson bracket on M, i.e. {H;, Hi} = 0 for all j, k.

¢In quantum mechanics, each pair of classical position and momentum variables q, p is
replaced by a pair of operators Q, P on a Hilbert space of states, satisfying [Q, P] = ikl
(see e.g. [12, 21]).
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The above definition is also referred to as integrability in the sense of
Liouville, or Liouville integrability, due to another result known as Liou-
ville’s theorem, with a more contemporary proof and extension due to

Arnold [1].

Theorem 4.10 (Liouville-Arnold). If a Hamiltonian system satisfies
the conditions of Definition 4.9, then Hamilton’s equations for H can be
solved by quadratures. Furthermore, each compact level set of the n functions
Hy,Ho,..., H, is diffeomorphic to an n-dimensional torus T™.

A key ingredient of the proof is the construction of action-angle coor-
dinates in the neighbourhood of each level set: these are action variables
I; (functions of Hy, Hs,...,H, only) and canonically conjugate angles 6,
(coordinates on a torus T™). In these coordinates, the Hamiltonian is a
function of the action variables only, and Hamilton’s equations become

. oOH . .
F)j:a—]j, Ij:O,]:I,...,n,
with the solution giving straight line motion on the torus:
oH
0;(t) = =—t+0;(0), I;= constant.
01,

So for a completely integrable system, the motion is quasiperiodic on each
compact level set of the first integrals.

Example 4.11 (Kepler problem). The Hamiltonian for a body of mass
m moving in three dimensions in an attractive central force obeying the
inverse square law is

2
K
7_|p| —— k>0,

~2m |q|’
where (q,p) € T*R? ~ R? x R3. Defining the angular momentum vector
L=qxp

with components L;, it can be verified that the canonical bracket (4.11) for
the positions and momenta leads to the relations

{Lj, Li} = €jkeLe, (4.13)
from which it can be verified that
{H, ‘L|2} = {H’ L3} = {‘L|2’L3} =0,

so this is a completely integrable system.

page 24
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The existence of first integrals is often associated with symmetries of
a system; this connection can be made precise using Noether’s theorem
(traditionally in the Lagrangian setting). For the Kepler problem, the con-
servation of angular momentum is a consequence of rotation invariance,
described by the Lie group SO(3), and the same is true if the potential
—r/|q] is replaced by any rotation-invariant function V(|q|). However, the
inverse square law is special: it has an extra hidden symmetry [11], leading
to an additional conserved vector, namely the Laplace-Runge—Lenz vector

p x L —mkq/|q].

4.3. Hamiltonian mechanics: General case

Rather than starting with a Lagrangian and proceeding via a Legendre
transformation, there is a more general formulation of Hamiltonian mechan-
ics which takes the Poisson bracket as the starting point. The development
of this point of view was actually inspired by the infinite-dimensional case
(Hamiltonian partial differential equations), which will be described below
in due course.

Definition 4.12 (Poisson bracket). Given an algebra F over R, the map
{,}: FxF—-F

is called a Poisson bracket if the following properties hold VF, G, H € F:

Skew-symmetry: {F,G} = —{G, F'};

Bilinearity: {\F + uG,H} = MF, H} + u{G,H} V\, i € R;
Jacobi identity: {F,{G,H}} +{G,{H,F}} +{H,{F,G}} =0;
Derivation (Leibniz rule): {F,GH} = {F,G}H + G{F,H}.

Observe that, as stated, the second property of the above is just linear-
ity in the first argument, but together with the first property this implies
bilinearity of the bracket (i.e. linearity in both arguments), and the first
three properties endow F with the structure of a Lie algebra. A manifold
M equipped with a Poisson bracket on the functions F = C°°(M) is called
a Poisson manifold. On a Poisson manifold M, a Hamiltonian vector field
Vr is associated to each function by taking Vp = {, F'}. If M has dimen-
sion d, then in local coordinates x = (2, ..., 2%) the equations of motion

for the Hamiltonian H are

% = J(-, dH), (4.14)
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where the Poisson tensor J is a bivector field given locally by

1 .. 0 0 . ,
J=zJh—AN—, JF*={ad 2"}
27 Qxd " 9xk’ {2727}
Every symplectic manifold is also a Poisson manifold, with Poisson tensor
defined by the inverse of (3.1), but otherwise the dimension d need not

be even.

Example 4.13 (Lie—Poisson bracket for so(3)). Take M = R?® with
coordinates L = (Li, Lo, L3) and bracket (4.13). The Poisson tensor has
rank 2 at all points of R? except the origin, where it vanishes. This is
an example of a Lie-Poisson bracket: given any Lie algebra g with basis
(Xj)?:1 satisfying [X;, Xi] = ¢;jreX, for structure constants c;je, a linear
Poisson bracket on the dual space g* with coordinates (z;) is defined by

{z;, 2k} = ¢jrexs.

In general, a Poisson manifold is foliated by symplectic leaves: define an
equivalence relation on the points of M by saying that x ~ y if x and y
are connected by piecewise smooth curves, each component of which is an
integral curve of a Hamiltonian vector field; then each equivalence class is
an immersed submanifold N C M, a symplectic manifold whose dimension
is the rank of the Poisson tensor at any point of N [23]. For instance, in the
preceding example, the symplectic leaves consist of two-dimensional spheres
together with the origin (dimension zero); in this case they correspond to
coadjoint orbits: the orbits of G = SO(3) acting on g* = s0(3)* ~ R3.

Another feature of Poisson manifolds, not arising in the symplectic set-
ting, is that there can be non-constant functions whose differential is in the
kernel of J.

Definition 4.14 (Casimir function). A function C € C*°(M) on a
Poisson manifold M is called a Casimir function if {C,F} = 0 VF €
C>(M).

Example 4.15. In Example 4.13, the function
ILI? = (L1)? + (L2)* + (L3)® (4.15)

is a Casimir for the so0(3) bracket (4.13). The level sets of this function
coincide with the orbits of SO(3) acting on R3.

From Proposition 4.8 it is clear that Casimir functions provide first inte-
grals for a Hamiltonian system. However, the algebra of Casimir functions
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can be very complicated, and it is not clear what should be the correct
generalization of Definition 4.9 in the case of Poisson manifolds. Never-
theless, we can adopt the following definition from [22], which is sufficient
to describe integrability in many situations, particularly in an algebraic
context.

Definition 4.16 (Complete integrability (Poisson case)). Suppose
that the Poisson tensor is of constant rank 2n on a dense open sub-
set of a Poisson manifold M of dimension d, and that the algebra of
Casimir functions is maximal, i.e. it contains d — 2n independent func-
tions. A Hamiltonian system on M is said to be completely integrable if it
admits d — n independent functions (including the Hamiltonian H) which
are in involution.

Example 4.17 (Euler top). For a rigid body rotating freely about a
fixed point, the angular momentum is a point in the phase space M = R3
with the Poisson bracket (4.13), and the Hamiltonian is

He -1 <(L1)2 (L, <L3)2) |

2 Il IQ I3

where I = diag(Iy, I2,I5) is the diagonalized inertia tensor. Hamilton’s
equations L; = {L;, H} for j = 1,2,3 can be written in vector form as

— =L x 4.16
dt “ (4.16)
where w = I7'L is the angular momentum. The Casimir (4.15) and H
are two independent functions in involution, and the other conditions of
Definition (4.16) are satisfied, so the system (4.16) is completely integrable.

Remark 4.18. The full description of the rigid body involves a rotation
R(t) € SO(3) which satisfies a second-order equation, corresponding to
geodesic motion on the group SO(3) with respect to a suitable metric [14].

In the theory of integrable systems, and especially in infinite dimensions,
there are numerous examples of systems with more than one Hamiltonian
structure.

Definition 4.19 (Bi-Hamiltonian system). Two Poisson brackets
{, }1,2 are said to be compatible if any linear combination

Mt A}
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is also a Poisson bracket. A system is said to be bi-Hamiltonian if the flow
can be written as a Hamiltonian vector field with respect to two independent
Poisson brackets that are compatible with each other, i.e.

{Hi}1 = {, Ha}2
for two different Hamiltonian functions H; .
Note that, for two Poisson brackets to be compatible, it is enough to

check that their sum satisfies the Jacobi identity. It turns out that for the
Euler top there is another Poisson bracket that is compatible with (4.13).

Example 4.20 (Bi-Hamiltonian structure for Euler top). Denote
the bracket (4.13) by {, }1, set H; = H, and define

Ls Ly
I’ n’

Then {, }1 2 are compatible, and equations (4.16) can be written as

{L1,La}s = {Ls, L3}s =

. 1
Lj={L;j Ha}s, j=1,2,3, with Hy = _[LJ%,
so the Euler top is bi-Hamiltonian.

Remark 4.21. One way to verify the preceding result is by observing that,
under the flow (4.16), any function F evolves according to

A O(F,Hy, )

dt " O(Ly, Ly, Ls)’
In the above, the Jacobian determinant on the right-hand-side defines the
Nambu bracket of three functions on R? [19], denoted {F, Hy, Ho}.

5. Classical Field Theory

There are two obvious ways to generalize the variational approach to clas-
sical mechanics: firstly, one can consider Lagrangians with higher order
derivatives; and secondly, one can take derivatives with respect to additional
independent variables (space as well as time). The canonical Hamiltonian
framework for Lagrangians with higher derivatives was derived by Ostro-
gradsky (see [3] for applications), but higher order Lagrangians have several
features which make them undesirable for a physical theory [24]. In this
section we describe first-order Lagrangian densities for field theories and
the canonical Hamiltonian formalism, as well as more general Hamiltonian
formulations of evolutionary partial differential equations (PDEs).

page 28
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5.1. Lagrangians for scalar fields

For a single scalar field ¢ in Minkowski spacetime M of dimension n = d+1,
the action takes the form

s:/ £, (5.1)
M

where the Lagrangian density is

L =30"90u¢ —V(9), (5:2)
with the Lorentz metric g = diag(1, —1,...,—1), and
19J0) va L
Our = s 06 = g0y

and all indices are lowered and raised with g,,, and g"”, the components of g
and its inverse (co-metric). Typically n = 4, and the coordinate indices are
labelled from p = 0, so (x#) = (2%, 2!, 2%, 23) = (¢,x) (setting the speed
of light ¢ = 1), and the Lagrangian is Lorentz invariant. With different
coordinates, or in a curved spacetime, the appropriate metric should be
used instead, and the volume element d"z = d9"'z in (5.1) should be
replaced by the invariant volume form (3.3). Different field theories result
from the choice of function V, which specifies the potential energy of the
field.

Taking the action (5.1) with a first-order Lagrangian density, and apply-
ing the Principle of Least Action, S = 0, with vanishing boundary condi-

tions at infinity yields the Euler-Lagrange equations

0 oL oL
e (0,37) 56 " o
For L given by (5.2), this becomes
M09+ V' () =0. (5.4)

Example 5.1 (Klein—Gordon field). This corresponds to the choice
Y = %m2¢2, where m is the mass. This is called a free field theory: the
resulting field equation (see (5.4) below) is linear.

Example 5.2 (¢* theory). This is a nonlinear theory with the discrete
symmetry ¢ — —¢, which arises by setting V = %m2¢2 — i)\gzﬁ‘l (with A
being a coupling constant).
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Example 5.3 (Sine-Gordon theory). The choice V = m?(1 — cos¢)
results in an integrable field theory in dimension n = 2, both at the classical
and quantum level. It has exact multiple soliton solutions called kinks.

For the case of a first-order Lagrangian with fields taking values in a
target space of dimension > 1 (e.g. sigma models, where ¢ takes values in a
Lie group, or Yang-Mills-Higgs theories like (2.3), with gauge fields), each
component of each field satisfies an equation of the form (5.3).

5.2.  Hamiltonian field theory: canonical case

In order to formulate a field theory as a Hamiltonian system, it is necessary
to separate out space and time, which breaks Lorentz covariance. After
rewriting the action (5.1) as

S:/Ldt, L:/de:c,

the total energy (Hamiltonian) is defined by the Legendre transformation

oL
H= Opdlx — L, m= ,
O "= 300

where 7 is called the momentum density. For the Lagrangian density (5.2)
the Hamiltonian becomes

1 1
H= / (—WZ + =|Vol* + V(¢)> diz.
Rd \ 2 2
The canonical form of Hamilton’s equations is

oH

Bl e
at’ﬂ' -1 0 _H

or

[« 9

(cf. equation (4.9) in finite dimensions), where the Fréchet derivative of a
functional H with respect to a field u is defined by

0H d
<%, U> = EH[U + €v]|e=o,

with (,) denoting the L? pairing on R%: (f, g) = fRd fgdiz.

page 30
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5.3. Generalized Hamiltonian structures for PDEs

In the 1+ 1-dimensional case (d = 1), we now consider PDEs involv-
ing higher spatial derivatives, which can be written as Hamiltonian sys-
tems (first order in time).f For a single field u, Hamilton’s equations take
the form

0H
Ut = \7%7 (56)

where J is a skew-symmetric operator defining a Poisson bracket between
pairs of functionals I, G according to

0F oG 0F _0G

(Integrals are taken over the whole of R, and it is assumed that all fields
and their derivatives vanish at infinity, so f F,dx = 0 for any quantity F.)

Example 5.4 (First Hamiltonian structure for KdV). The
Korteweg—de Vries (KdV) equation, describing long waves moving on a
shallow canal, is

Up = U3y + OUUL. (5.7)

Letting D, denote total derivative with respect to x, KdV can be written
in Hamiltonian form by taking J = J; and H = H;, where
Ly 3
jl :D;u Hl = _§’U/x+u dux. (58)
For PDEs, the notion of integrability can be defined by the existence of
an infinite set of commuting symmetries, and in the Hamiltonian setting

this is linked to infinitely many conservation laws, which can be derived
recursively from a bi-Hamiltonian structure.

Example 5.5 (Second Hamiltonian structure for KdV). Let

1
Jo = D2 +4uD, + 2u,, Hy= / 5u2 da. (5.9)
fFor convenience, here we use subscripts to denote partial derivatives, so uy = %,

_ _ 9%u _ _ 93w
Uzy = U2 = G737, Uzex = U3z = 53, and so on.
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The Poisson brackets {, }5 defined by Jj, for k = 1,2 are compatible with
each other, and (5.7) can be written in bi-Hamiltonian form:

J1 = Jz—

Furthermore, KdV has an infinite sequence of commuting symmetries given
in terms of the recursion operator R = ‘72‘7171 by

uy, =Rug, 7=01,2,...,

with a corresponding sequence of conserved quantities in involution with
respect to both brackets.

If a conserved quantity is a local functional, given in the form H[u] =
J Hdz for a density H = H(u,uy, Ugg,...) given in terms of u and its
derivatives, then its Fréchet derivative is given in terms of the Euler oper-
ator €:

0H
Su =& M= Z 6‘uﬂ

Example 5.6 (Camassa—Holm equation). The equation
Ut — Ugppt = Ulppy + 2UzUpy — SUlL (5.10)

has three simple conserved quantities given in terms of u:

1 1
Hy :/udx, H, :/§(u§+u2)dx, H, :/E(uu§+u3) dz.
To write it in bi-Hamiltonian form [4], introduce the compatible pair
Ji=—(mDy+ Dym), Jo=D>—D,, withm=u— uy,

Then, since u(x,t) = (1 — D)~ 'm(z,t) = § [y e “lz=vlm(y, t)dy, (5.10) is

.71 = .72

Remark 5.7 (Soliton solutions). Integrable Hamiltonian PDEs typi-
cally have exact solutions in the form of localized nonlinear waves called
solitons, that preserve their speed and amplitude after collisions. The con-
struction of solitons can be achieved using the inverse scattering problem
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for an associated linear system known as a Laz pair (see [2, 13]). For the
KdV equation (5.7) the 1-soliton solution is

u(z,t) = 2k?sech? (k(x — xo) + 4k3t),

where £ > 0 and x( are arbitrary parameters, and an N-soliton solution
is a nonlinear superposition of N of these. The Camassa—Holm equation
(5.10) has peaked solitons called peakons, which are weak solutions with

N

ue,t) = D ps(t) eI OL e, t) =237 p(1) 6w — ¢’ (1),

j=1

where the peak positions ¢/ and amplitudes p; evolve according to a
geodesic flow with Hamiltonian (4.7) and co-metric

g (q) = e~l9 =",
6. Geometry and Soliton Dynamics

In this section, we discuss the application of differential geometry to
the dynamics of topological solitons. We also introduce some concepts in
topology.
6.1. Homotopy theory
Given a manifold M and an interval I = [0, 1] we can define paths

a:I— M:tw— at), where a(0)=po, a(l) =p;.
A loop is a path with py = p;. Paths can be multiplied via

o B(s) = a(2s)
S lBes-1) f<s<

o
IA

S

INA
—_ N

b

The constant path is ¢(s) = pg for all s € I. The inverse of a paths is
a~1(s) = a(l — s). This is not a group, yet!

Definition 6.1 (Homotopy). Let «, 8 : I — M be loops at py. The loops
« and (3 are homotopic, denoted by a ~ (3, if there exists a continuous map
F :1x1I— M such that F(s,0) = a(s) and F(s,1) = ((s) for all s € I.
Furthermore, F(0,t) = F(1,t) = po for all t € I.
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It can be shown that o ~ § is an equivalence relation. Let [a] be the
equivalence class which contains «. Define a product on equivalence classes
by [a] % [3] = [a * (]. This gives the fundamental group 71 (M, pg).8

Example 6.2. The winding number 71(S') = Z counts how many
times a path goes around the circle. Similarly, for the punctured plane
71 (R? \ {0}) = Z counts how many times a path encircles the origin.

The fundamental group of the torus is 71(7T?) = Z @ Z; more generally,
7T1(M X N) = 7T1(M) EB?Tl(N)

This generalizes naturally to higher homotopy groups: Consider maps
from the cube I = [ x --- x I to a manifold M such that all the points on
the boundary 91" of the cube are mapped to pg € M:

a: (I",0I") — (M, po).

Again we can form the product a * 8 and define the equivalence classes [«]
(also known as homotopy classes), giving the nth homotopy group 7, (M).

Remark 6.3 (Summary of important results).

Homotopy groups are Abelian for n > 1, i.e. [a] x [8] = [5] * [a].

Manifolds M with w1 (M) = 1 are called simply-connected.

The degree of a map is m,(S™) = Z related to the number of pre-images.

7 (8%) =1 for 1 < n < d: the map is not onto, therefore contractible.

Tnt1(S™) = Zg, for n > 3, but m3(S5?) = Z which is related to the Hopf

bundle in Example 2.3.

e Homotopy groups of spheres are really complicated, e.g. 7, 12(5?) = Zs
for n > 2.

e Spectral sequences are an important tool: Let G be a Lie group with

subgroup H; then

= mn(H) = m(G) = mn(G/H) — mn—1(H) = mn—-1(G) — -1 (G/H) — -

is a long exact sequence. Example: G = S3, H = S! and G/H = S°.

6.2. Homotopy groups and field theory

Field configurations at a fixed time are maps ¢ : R — M, from flat space to
a target space. Homotopies of maps occur naturally (e.g. time evolution is
continuous and connects different field configurations in the same homotopy

8If M is arcwise connected then w1 (M, pg) is isomorphic to 71 (M, p1).
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class). Two scenarios naturally give rise to homotopy groups, both arising
from boundary conditions (due to finite energy):

(1) One-point compactification: There is a unique vacuum vy € M, namely,
d(x) = vg for x — oo. We can identify all these points, so that topo-
logically R? U {oo} = S?. So we need 74(M).

(2) Non-trivial maps at infinity: The vacuum is degenerate and forms a
submanifold N of M. Then in the limit |x| — oo there is a continuous
map ¢|_ : SE T — N. So we need mg_1(N).

This leads to the following classification of solitons.

7,(S*) | ungauged gauged
m1(SY) | Kinks Vortices
m2(S?) | Baby-Skyrmions, Lumps | Monopoles
73(S?) | Skyrmions Instantons
73(S?) | Hopf Solitons

6.3. Ginzburg—Landau vortices

The Ginzburg-Landau energy is given by (3.5). In coordinates x =

(2!, 2?) = (x,y) it is invariant under gauge transformations

$(x) = € o(x),  ai(x) = ai(x) + a(x),
where ™) is a spatially varying phase. The quantity
B = fi3 = 01a2 — ey
is the magnetic field. The vacuum is ¢ = 1, a; = 0 and gauge transforma-

tions of this, and we require |¢| — 1 as |x| — cc.
Transforming to polar coordinates (z,y) = (pcosf, psin f), the energy is

1 0o 27 _ 1 A _
V= 5/ / (32 +D,pD, ¢ + ?ngbDw +7 (1- ¢¢)2> p dp db.
o Jo
For finite energy fields we can fix the gauge asymptotically, so that
lim ¢(p, ) = e,
p*?OO

where « is a continuous function of 6. As 6§ increases from 0 to 2w, «(6)
increases by 2N (¢ is single valued). The winding number N is an arbitrary
integer that cannot change under smooth deformations of the field, so
remains constant in time, and is also invariant under smooth gauge trans-
formations.
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For finite energy, the covariant derivative Dg¢ = (99 — iag)¢d has to
vanish as p — 00, s0 ¢ ~ €*(?) implies ay = i—‘;. Hence, by Stokes’ theorem,

27
B d*z = / ag d0)p—co = a(2m) — (0) = 27N, (6.1)
R2 0

so N measures the units of magnetic flux in the plane. If ¢ has only isolated
zeros, then the number of these (counted with multiplicity) is N — see
Fig. 3(a). A zero of ¢ is said to have multiplicity k, if on a small circle
enclosing it, — arg ¢ increases by 27k. For simple zeros k = +1.

Let En be the minimal energy V' of N vortices. There are three different
regimes: (i) type I: A < 1, Ey < NE; — the vortices attract; (ii) type
II: A > 1, Eyy > NE; — the vortices repel; (iii) critical coupling: A\ = 1,
Eny = NE; — no forces between static vortices. (See Fig. 3(b).) At critical
coupling, by “completing the square” V' can be written as

v1/<(3§(1a¢)) + (D6 F1D29) <D1¢+1D2¢>+B) P

*-1=0.5

Fig. 3. Figure (a) shows the energy density of a vortex configuration of charge
N = 4. The four peaks correspond to four single vortices. The colour indicates the
phase of the Higgs field ¢. Clearly, the colour circle is completed four times as one
goes around the “circle at infinity” once. Figure (b) shows the energy of Ginzburg—
Landau vortices for charges N =1,...,4 for coupling constant A = 0.5, 1 and 1.5.
For A =1 we observe Eny = NEj.
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using (6.1). Demanding that the squares vanish yields the Bogomolny
equations

Di¢+iD2p =0, B—3(1—d¢)=0. (6.2)

These equations cannot be solved analytically. However, a lot is known
about the solutions. For given topological charge N, the Bogomolny equa-
tions have a 2N-dimensional manifold of static solutions, known as the
moduli space My . (Gauge equivalent solutions are identified.) All zeros of
¢ have positive multiplicity (generically there are only simple zeros). A solu-
tion is completely determined by the locations of these zeros, which can be
anywhere, so My is parametrized by N unordered points in R2, requir-
ing 2N coordinates. There are no static forces between vortices for A = 1,
however, there will be velocity-dependent forces.

6.4. Relativistic vortex dynamics

In 241 dimensions with (a2#) = (¢,x), the standard relativistic
Lagrangian is

1— 1 A —
L= 3D.8D"6 — L fuf™ — 5 (1-39) .

In the following, we will often use complex coordinates z = x + iy.

Parametrizing the moduli space for A = 1 by vortex positions z = Z,,
assumed to be time dependent, gives a reduced Lagrangian for geodesics
on My,

Lyea. = %(grsZ.rZ.s + QTEZTZS + gr_sZrZs> — 7N, (63)

summed for 1 < 7,5 < N. Setting h = log |$|? in (6.2) implies

N
Vh+1—e=4r) " 6°(z = Z,).
r=1
The ¢ functions arise because h has logarithmic singularities at the zeros
Z, of ¢. Expanding h around the point Z, gives

h(z,z) = 210g|2 - Zr| +ar + %Br(z - Zr) + %br(Z - Zr) +oee
After a long calculation, we find g,s = 0 = g5 in (6.3), so this purely kinetic
Lagrangian gives rise to the moduli space metric

Oby _
g=m ((Ls + 282,«) dz,.dZ,
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which can be shown to be Kéhler. This structure provides a lot of informa-
tion about the metric, although it is only know implicitly. The moduli space
approximation captures the dynamics of vortices, in particular right-angle
scattering.

We can consider physical spaces X with a different metric, e.g.

ds® = dt? — Q(da® + dy?),

where = Q(x,y) is a conformal factor defining the Riemannian metric
on X. Again we can “complete the square” and obtain the Bogomolny

equations
Q —
Di¢+iD2¢p =0, B - (1—¢¢) =0. (6.4)
For a surface X with metric defined by € the integral
1 1
= — =— | Bd?
“ 2T X f 2T X *

is an integer. This topological invariant is known as the first Chern number.
If X has a finite area A then we can integrate the second Bogomolny
equation over X to obtain

2/ Bd2x+/ \¢|29d2x:/ Qd*z=—= A
X X X

= 47N +/ |p|? Q d*x > 47N,
X

which is called the Bradlow limit. In other words, each vortex needs an area
of at least 4w. At the Bradlow bound A = 47N both equations (6.4) can
trivially be solved by ¢ = 0 and B = % For the torus 72 the moduli space
metric has been calculated as an expansion around the Bradlow limit. For
the sphere S? moduli space metric is essentially the Fubini-Study metric
close to the Bradlow limit.

For the hyperbolic plane, the background metric on the Poincaré disc
|z| < 11is ds* = Qdzdz, with the conformal factor Q = 8(1 — |z|*)~2.
Setting h = log |¢|? we can again derive an equation for h, namely

N
Vh+ Q- Qe =4n ) 6%(z - Z,).

r=1

and this can be transformed to Liouville’s equation, which is integrable. In

this case, the moduli space is known explicitly, and

N+1
1—|z|2df z2—¢
= h =
¢ 1—|f|? dz’ where f(z) H 1-cz)’

i=1
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with |¢;] < 1. The positions of the vortices are the zeros of %5, and the
moduli space metric is

Obs
0Z,

g=m (Q(Zr)érs +2 ) dZ,dZ,

but now we can calculate b, for special cases. The metric for n vortices on
a regular polygon with m vortices fixed at the origin is given by

o AmPla’"2da da

2n (1 + |a|?"
2n)2 1+ ( ‘ | )
(1= |ef?™) \/(m +1)2(1 - ‘a‘Qn)Q + 4n2|o|2n
for n # m + 1, and by

o 12mnPla?2da da

- 2
(1= laf?")

for n = m+1. The non-trivial zeros are at z = o 2™ */" for k = 0,...,n—1.

7. Summary

In these notes we have tried to give a flavour of the most basic differential
geometric ideas that are important in mathematical physics, and provide
a dictionary between mathematical and physical terminology. The inter-
ested reader is encouraged to delve into the bibliography to gain a deeper
understanding.
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