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 Higher-order networks are characterising the 
interactions between two ore more nodes and   

 are  formed by nodes, links, triangles, 
tetrahedra etc.

d=2 simplicial complex     d=3 simplicial complex

Higher-order networks



Simplicial complex models

Emergent Geometry 
Network Geometry with Flavor (NGF) 

[Bianconi Rahmede ,2016 & 2017]

Maximum entropy model 
Configuration model  

of simplicial complexes 
[Courtney Bianconi 2016]
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Lesson III: 
Topology and higher-order dynamics

Spectral properties of the Laplacians 

Diffusion 
• Heat diffusion on graphs 
• Higher-order diffusion of topological signals 

Topological Kuramoto model 
• The Kuramoto model on graphs 
• The Topological Kuramoto model 

Global synchronisation of topological signals  
• Global synchronisation ongraphs  
• Global synchronisation on simplicial and cell complexes  



Summary of  
Algebraic Topology



Betti numbers
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Euler characteristic 

χ = ∑
n

(−1)nβn



Betti number 1 

Fungi network from Sang Hoon Lee, et. al. Jour. Compl. Net. (2016) 



Topological signals, 
Hodge Laplacian  



Topological signals
Simplicial complexes and networks can sustain dynamical variables (signals)  

not only defined on nodes but also defined on higher order simplices 
these signals are called topological signals
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Topological signals
• Citations in a collaboration network


• Speed of wind at given locations


• Currents at given locations in the ocean


• Fluxes in biological transportation networks


• Synaptic signal


• Edge signals in the brain
Topological signals  

are co-chains or vector fields 



Graph Laplacian in terms of 
the boundary matrix

The graph Laplacian of elements 


Can be expressed in terms of the 1-boundary matrix


as 


(L[0])ij
= δijki − aij

L[0] = B[1]B⊤
[1] .



Graph Laplacian
The graph Laplacian matrix is defined as 

The graph Laplacian is a semi-definite positive matrix that in a 
connected network has eigenvalues 

The Laplacian is key for describing diffusion processes and 
the Kuramoto model on networks and constitutes a natural 

link between topology and dynamics 

The Fiedler eigenvalue       is the smallest non-zero eigenvalue

Lij = δijki − aij

0 = μ1 ≤ μ2 ≤ μ3 ≤ … ≤ μN

μF



Harmonic eigenvectors of 
the graph Laplacian

The quadratic form of the graph Laplacian 
reads





Therefore the harmonic eigenvectors of the 
graph Laplacian are constant on each 

connected component of the graph and zero 
everywhere else.

X⊤L[0]X =
1
2 ∑

i,j

aij(Xi − Xj)2

The dropdown menu allows us to quickly switch colourings according to each category, without
needing to recompute the underlying graph.

Change the layout algorithm

By default, plot_static_mapper_graph  uses the Kamada–Kawai algorithm for the layout;
however any of the layout algorithms defined in python-igraph are supported (see here for a list
of possible layouts). For example, we can switch to the Fruchterman–Reingold layout as follows:

# Reset back to numpy projection
pipe.set_params(filter_func=Projection(columns=[0, 1]));
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Color by: Circle_A ▼

Getting started with Mapper — giotto-tda 0.5.1 documentation https://giotto-ai.github.io/gtda-docs/latest/notebooks/mapper_quickstart.html
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Harmonic homology of a 
graph

• The dimension of  kernel of the graph Laplacian is given by the 
zero Betti number . 


• The Betti zero indicates the number of connected components of 
the graph. Note that since any non-empty graph has at least one 
connected component we have . 


• The harmonic eigenvectors are the eigenvectors that are constant 
on each connected component and zero everywhere else.


On a connected graph we have  with corresponding 
harmonic eigenvector  where  is the 
normalising constant

β0

β0 ≥ 1

β0 = 1
uharm = 𝒞1 𝒞 = N−1/2



Higher-order Laplacian
The higher order Laplacians can be defined in terms of the incidence 

matrices as 


The higher order Laplacian can be decomposed as


with 

L[n] = Ldown

[n] + Lup
[n],

Ldown
[n] = B⊤

[n]B[n],

Lup
[n] = B[n+1]B⊤

[n+1] .

L[n] = B⊤
[n]B[n] + B[n+1]B⊤

[n+1] .



Fidler eigenvalues of up and down  
Hodge Laplacians

The up and down Hodge Laplacians  
are positive semi-definite matrices that have eigenvalues 

There are two  Fiedler eigenvalues                              


being the  smallest non-zero eigenvalues of 


  and   


respectively 

Ldown
[n] Lup

[n]

0 ≤ μ1 ≤ μ2 ≤ μ3 ≤ … ≤ μM

μdown
F , μup

F



Harmonic eigenvectors of 
the Hodge Laplacian

 dim ker(L[n]) = βn

The dimension of the kernel of the Hodge Laplacian 
  

is given by the corresponding Betti number

The harmonic eigenvectors  

are associated to the generators of the homology



Eigenvectors of the  
 Hodge  LaplacianL[1]

1

2

3

B[2] =

[1,2,3]
[1,2] 1
[2,3] 1
[1,3] −1

.B[1] =

[1,2] [2,3] [1,3]
[1] −1 0 −1
[2] 1 −1 0
[3] 0 1 1

, L[1] =

[1,2] [1,3] [1,3]
[1,2] 3 0 0
[2,3] 0 3 0
[1,3] 0 0 3

,

V[1] =

μ = 3 μ = 3 μ = 3
[1,2] 1 0 0
[2,3] 0 1 0
[1,3] 0 0 1

, Σ[1] = (
3 0 0
0 3 0
0 0 3)



Eigenvectors of the  
 Hodge  LaplacianL[1]

1

2

3

B[1] =

[1,2] [2,3] [1,3]
[1] −1 0 −1
[2] 1 −1 0
[3] 0 1 1

, B[2] = 0

V[1] =

μ = 0 μ = 3 μ = 3

[1,2] 1/ 3 1/ 2 0

[2,3] 1/ 3 0 1/ 2

[1,3] −1/ 3 1/ 2 1/ 2

, Σ[1] = (
0 0 0
0 3 0
0 0 3)

L[1] =

[1,2] [1,3] [1,3]
[1,2] 2 −1 1
[2,3] −1 2 1
[1,3] 1 1 2

,



Visualisation of Hodge Laplacian 
harmonic eigenvectors

Harmonic eigenvector

Fig. 4. A simplicial complex [upper left], its Harmonic 1-forms [upper right and lower left] and the 1-form corresponding to the smallest non-zero
eigenvalue of L1 [lower right].

2. The two cohomology classes (or for that matter the homology classes) correspond to the two zero eigenvectors of
the Laplacian matrix. The two eigenvectors have been depicted in the upper right and lower left parts of the figure. The
thickness of an edge is directly proportional to the magnitude of its corresponding eigenvector component. It can be
seen that the magnitudes peak close to the holes and in this case, distinguish the two holes quite clearly. The co-chain
drawn in the the lower right of the figure corresponds to the smallest non-zero eigenvalue. An interpretation of these
‘near-harmonic’ co-chains will be given later.

C. Differential Forms and the Continuous Laplace-Beltrami Operators
Assume that ω ∈ Ck(X ; R), which is not necessarily a co-cycle. δ1ω ∈ Ck+1(X ; R) is a map from the k-simplices

in X to R. Let s =
∑

j αjσj ∈ Ck+1(X ; R) where αj ∈ R and σj are the k-simplices. Suppose we wish to do the
computation

δkω(s) =
∑

j

αj .δ1ω(σj).

Harmonic eigenvector Non-Harmonic eigenvector

Muhammad, A. and Egerstedt, M.,  
Control using higher order Laplacians  

in network topologies.  
In Proc. of 17th International Symposium on  

Mathematical Theory  
of Networks and Systems (pp. 1024-1038) 2006

Harmonic eigenvectors  
localize around the cavities  

of the simplicial complex



Clustering of molecular 
molecules based on homology

Clustering based on harmonic eigenvectors       Clustering based on non-harmonic eigenvectors 

Wee et al. (2023)



Hodge decomposition
The Hodge decomposition implies that topological signals can be decomposed


 in a irrotational, harmonic and solenoidal components


which in the case of topological signals of the links can be sketched as  


ℝDn = im(B⊤
[n]) ⊕ ker(L[n]) ⊕ im(B[n+1])

Solenoidal component 
Curl Flow

Harmonic componentIrrotational component 
Gradient Flow



Hodge decomposition
• Every  cochain  can be decoposed in a unique way into 

three components


• where for  we have that  are the irrotational and 
solenoidal components respectively and  is the harmonic 
component.


• Note that in the above formula  indicates the pseudo-inverse of 
the matrix 

n x ∈ Cn

n = 1 x[1], x[2]

xharm

A+

A

x[1] = Ldown
[1] (Ldown

[1] )+x

x[2] = Lup
[1](L

up
[1])

+x
Withx = x[1] + x[2] + xharm



Boundary Operators

B[1] =

[1,2] [1,3] [2,3] [3,4]
[1] −1 −1 0 0
[2] 1 0 −1 0
[3] 0 1 1 −1
[4] 0 0 0 1

,
B[2] =

[1,2,3]
[1,2] 1
[1,3] −1
[2,3] 1
[3,4] 0

.

Boundary operators

The boundary of the boundary is null 

B[1]

B⊤
[1]

B⊤
[2]

Discrete divergence 

Discrete gradient 

Discrete Curl

B[n−1]B[n] = 0, B⊤
[n]B⊤

[n−1] = 0



Higher-order  
Diffusion of topological signals



Heat diffusion on a graph
Given a graph  and  a node signal  defined on it, 

the heat diffusion process  obeys  

 

• This process characterises the relaxation of the dynamics 
toward the harmonic (constant) eigenvector of the graph 
Laplacian 

• This process is important in many applications and its 
relevance is also enhanced by the fact that it provides a 
linearised dynamics of more complex nonlinear processes

G x ∈ C0

x = x(t)

·x = − L[0]x, x(0) = x0



Heat diffusion on a graph
Consider the heat diffusion process  

 

Where  is decomposed into the eigenvectors of 

the graph Laplacian. 

Expressing the heat diffusion equation into the basis of the 
eigenvector of the graph Laplacian we obtain 

 with solution  

·x = − L[0]x, x(0) = x0

x(t) = ∑
μ

cμ(t)uμ

·cμ = − μcμ cμ(t) = cμ(0)e−μt



Heat diffusion on a graph

Assume that  is localised on node  then 
we have  

  

Which is called the heat kernel. 

x0 = ei i
cμ(0) = uμ(i)

xj(t) = ∑
μ

e−μtuμ(i)uμ( j) = ht(i, j)

IEEE SIG PROC MAG 10

[IN4] Heat diffusion on non-Euclidean domains: An impor-
tant application of spectral analysis, and historically, the main
motivation for its development by Joseph Fourier, is the solu-
tion of partial differential equations (PDEs). In particular, we
are interested in heat propagation on non-Euclidean domains.
This process is governed by the heat diffusion equation, which
in the simplest setting of homogeneous and isotropic diffusion
has the form

(
ft(x, t) = �c�f(x, t)

f(x, 0) = f0(x) (Initial condition)
(35)

with additional boundary conditions if the domain has a
boundary. f(x, t) represents the temperature at point x at
time t. Equation (35) encodes the Newton’s law of cooling,
according to which the rate of temperature change of a
body (lhs) is proportional to the difference between its own
temperature and that of the surrounding (rhs). The proportion
coefficient c is referred to as the thermal diffusivity constant;
here, we assume it to be equal to one for the sake of simplicity.
The solution of (35) is given by applying the heat operator
Ht = e�t� to the initial condition and can be expressed in
the spectral domain as

f(x, t) = e�t�f0(x) =
X

i�0

hf0,�iiL2(X )e
�t�i�i(x)(36)

=

Z

X
f0(x

0)
X

i�0

e�t�i�i(x)�i(x
0)

| {z }
ht(x,x0)

dx0.

ht(x, x0) is known as the heat kernel and represents the
solution of the heat equation with an initial condition f0(x) =
�x0(x), or, in signal processing terms, an ‘impulse response’.
In physical terms, ht(x, x0) describes how much heat flows
from a point x to point x0 in time t. In the Euclidean case,
the heat kernel is shift-invariant, ht(x, x0) = ht(x � x0),
allowing to interpret the integral in (36) as a convolution
f(x, t) = (f0?ht)(x). In the spectral domain, convolution with
the heat kernel amounts to low-pass filtering with frequency
response e�t�. Larger values of diffusion time t result in lower
effective cutoff frequency and thus smoother solutions in space
(corresponding to the intuition that longer diffusion smoothes

more the initial heat distribution).
The ‘cross-talk’ between two heat kernels positioned at points
x and x0 allows to measure an intrinsic distance

d2t (x, x
0) =

Z

X
(ht(x, y)� ht(x

0, y))2dy (37)

=
X

i�0

e�2t�i(�i(x)� �i(x
0))2 (38)

referred to as the diffusion distance [30]. Note that interpret-
ing (37) and (38) as spatial- and frequency-domain norms
k · kL2(X ) and k · k`2 , respectively, their equivalence is the
consequence of the Parseval identity. Unlike geodesic distance
that measures the length of the shortest path on the manifold
or graph, the diffusion distance has an effect of averaging over
different paths. It is thus more robust to perturbations of the
domain, for example, introduction or removal of edges in a
graph, or ‘cuts’ on a manifold.

max

0

[FIGS4] Examples of heat kernels on non-Euclidean domains (man-
ifold, top; and graph, bottom). Observe how moving the heat kernel
to a different location changes its shape, which is an indication of
the lack of shift-invariance.

a spectral convolutional layer as

gl = ⇠

 
qX

l0=1

�k�l,l0�
>
k fl0

!
, (39)

where the n ⇥ p and n ⇥ q matrices F = (f1, . . . , fp) and
G = (g1, . . . ,gq) represent the p- and q-dimensional input
and output signals on the vertices of the graph, respectively
(we use n = |V| to denote the number of vertices in the
graph), �l,l0 is a k⇥ k diagonal matrix of spectral multipliers
representing a filter in the frequency domain, and ⇠ is a
nonlinearity applied on the vertex-wise function values. Using
only the first k eigenvectors in (39) sets a cutoff frequency

which depends on the intrinsic regularity of the graph and
also the sample size. Typically, k ⌧ n, since only the first
Laplacian eigenvectors describing the smooth structure of the
graph are useful in practice.

If the graph has an underlying group invariance, such a
construction can discover it. In particular, standard CNNs
can be redefined from the spectral domain (see insert IN5).
However, in many cases the graph does not have a group
structure, or the group structure does not commute with the
Laplacian, and so we cannot think of each filter as passing a
template across V and recording the correlation of the template
with that location.

In the figure visualisation of heat kernels
Bronstein, et.al, P., 2017. Geometric deep learning:  
going beyond euclidean data.  
IEEE Signal Processing Magazine, 34(4), pp.18-42.



Heat diffusion on a graph

Given the dynamics 

  

The relaxation is toward to homogenous state 

  

since  this limit does not depend on j! 

If there is a spectral gap,  
the characteristic temporal scale for the  relaxation  

to equilibrium is given 

 

xj(t) = ∑
μ

e−μtuμ(i)uμ( j)

lim
t→∞

xj(t) = u0(i)u0( j)

u0 ∝ 1

τ = 1/μF



Diffusion of topological signals 

 ·x = − L[n]x x(0) = x0

Given a simplicial complex  and a -cochain  we  
define the higher-order diffusion as 

𝒦 n x ∈ Cn



Diffusion of topological signals 
According to Hodge decomposition we can decompose the signal 

as  

 
where  

  

The diffusion dynamics   therefore reads  

for these components 

x = x[1] + x[2] + xharm

Lup
[n]x

[1] = Ldown
[n] x[2] = L[n]xharm = 0

·x = − L[n]x

·xharm = 0 xharm(0) = xharm
0

·x[1] = − Ldown
[n] x[1] x[1](0) = x[1]

0
·x[2] = − Lup

[n]x
[2] x[2](0) = x[2]

0



Higher-order diffusion
Higher-order diffusion relaxes to the harmonic eigenvectors 

In presence of a spectral gap  

in the spectrum of  and of   

the irrotational and the solenoidal components  
relax to the steady state with characteristic scale 

   

correspondingly.

Ldown
[n] Lup

[n]

τ[1] = 1/μdown
F , τ[2] = 1/μup

F



1-Laplacian flow

Muhammad, A. and Egerstedt, M.,  
Control using higher order Laplacians  

in network topologies.  
In Proc. of 17th International Symposium on  

Mathematical Theory  
of Networks and Systems (pp. 1024-1038) 2006

1-Laplacian flow  
stabilises to the 

single non-trivial co-homology 
eigenvector 

on this simplicial complex 

Fig. 5. The 1-Laplacian flow on a simplicial complex with one non-trivial (co)homology class. The flow stabilizes to a harmonic 1-form that
accumulates high energy on the edges close to the hole.

Therefore,
‖ω(t)− ω∞‖ ≥

‖∆kω(t)‖

‖∆k‖
.

Since ‖∆k‖2 =
∑nk

i=1 λ2
i , for t large enough, the convergence is dominated by the smallest non-zero eigenvalue λ+.

Hence
‖ω(t)− ω∞‖ ≥

1

λ+
‖∆kω(t)‖. (4)

This gives us an upper bound. To obtain a lower bound, note that

ω(t) = exp(−∆kt)ω(0).

By the semi-stability of the system, limt→∞ exp(−∆kt) exists. Furthermore, since the eigenvalues are real,

exp(−∆kt) =
nk∑

k=1

exp(−λkt)vkv∗k,

where vk ∈ Ck(X ; R) are the eigenvectors of the operator ∆k. In the limit exp(−λkt)→ 0 if λk > 0, and exp(−λkt) =



Higher-order diffusion stabilises on the homological eigenvectors 
The homological eigenvectors are localised on holes 
The Betti number can be zero or greater than one. 

Therefore a steady state is reached only if the Betti number is positive. 
In presence of more than one hole the stabilisation of the flow on one 

more more holes will depend on the initial condition 
We distinguish two Fiedler eigenvalues,  

one for the up one for the down Hodge Laplacian 
In presence of a spectral gap these Fiedler eigenvalues characterise the 

characteristic scale of relaxation of the irrotational and solenoidal 
component correspondigly 

Properties of higher-order 
diffusion



Kuramoto  
model 

on a graph



Synchronization is a 
fundamental dynamical process

• N
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Founding fathers of 
synchronisation

Yoshiki Kuramoto
Christiaan Huygens



Kuramoto model on a 
network

·θi = ωi + σ
N

∑
j=1

aij sin (θj − θi)1

2

3

4

5
6

7

8

θ1

ω ∼ 𝒩(Ω,1)

Given a network of N nodes  
defined by an adjacency matrix a 

we assign to each node a phase obeying 

where the internal frequencies of the nodes  
are drawn randomly from 

and  the coupling constant is 𝜎 

The oscillators are non-identical



Order parameter for 
synchronization

We consider the global order parameter 


which indicates the 


synchronisation transition such that for


 


R

|σ − σc | ≪ 1

R =
1
N

N

∑
i=1

e θi𝕚

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

R

R = {
0  for σ < σc

c(σ − σc)1/2  for σ ≥ σc
Kuramoto (1975)



Topological Kuramoto  
model 

on simplicial complexes



The higher-order simplicial  
Kuramoto model

How to define  
the higher-order Kuramoto model  

coupling higher dimensional  
topological signals?

A. P. Millán, J. J. Torres,  and G.Bianconi,  
Physical Review Letters, 124, 218301 (2020) 



Topological signals
Simplicial complexes can sustain dynamical variables (signals)  

not only defined on nodes but also defined on higher order simplices 
these signals are called topological signals



Standard Kuramoto model in 
terms of boundary matrices

The standard Kuramoto model, can be expressed in terms 


of the boundary  matrix  B[1] as


where we have defined the vectors


and we use the notation              


to indicates the column vector where the sine function is taken element wise


 

·θ = ω − σB[1] sin B⊤
[1]θ

θ = (θ1, θ2, …, θi…)⊤

ω = (ω1, ω2, …, ωi…)⊤

sin x



The standard Kuramoto model 
in terms of boundary matrices

Let us show that the Kuramoto equations





can be also written in matrix form as


 


Using the explicit expression of the elements of the boundary matrix 


·θi = ωi + σ
N

∑
j=1

aij sin (θj − θi)

·θ = ω − σB[1] sin B⊤
[1]θ

B[1]

[B[1]]iℓ =
−1 if ℓ = [i, j]
1 if ℓ = [ j, i]
0 otherwise



Proof
To prove the above statement we write element wise the equations 





obtaining





For the link  we obtain


·θ = ω − σB[1] sin B⊤
[1]θ

θi = ωi − σ∑
ℓ

[B[1]]iℓsin ∑
j

[B[1]]ℓjθj

ℓ = [i, j]

[B[1]]iℓsin ∑
j

[B[1]]ℓjθj = − aij sin(θj − θi)



Proof
To prove the above statement we write element wise the equations 





obtaining





For the link  we obtain


·θ = ω − σB[1] sin B⊤
[1]θ

θi = ωi − σ∑
ℓ

[B[1]]iℓsin ∑
j

[B[1]]ℓjθj

ℓ = [ j, i]

[B[1]]iℓsin ∑
j

[B[1]]ℓjθj = aij sin(θi − θj) = − aij sin(θj − θi)



Linearised dynamics

Let us study the linearisation of the Kuramoto dynamics.


Let us start from the nonlinear system





Using  we get the linearised dynamics


·θ = ω − σB[1] sin B⊤
[1]θ

sin x ≃ x

·θ = ω − σL[0]θ



Linearised Dynamics
The linearised dynamics is dictated by the graph


The phases and the intrinsic frequencies can be decomposed in the basis of the 
eigenvectors of the graph Laplacian





The dynamical equation in this basis reduce to 


θ(t) = ∑
μ

cμ(t)uμ

ω = ∑
μ

ωμuμ

·θ = ω − σL[0]θ .

·cμ = ωμ − σμcμ



Linearised Dynamics 
(continuation)

The dynamical equations





have solution





Therefore the harmonic mode undergoes  an unperturbed motion, 


while the non-harmonic modes are freezing with time. 

·cμ = ωμ − σμcμ

charm(t) = charm(0) + ωharmt

cμ(t) =
ωμ

σμ (1 − e−σμt) + cμ(0)e−σμt



The harmonic mode of the 
non-linear Kuramoto model

Let us now study the full nonlinear Kuramoto equation


      (1)


Let us consider the harmonic eigenvector  of the graph Laplacian


 . 


Since the graph Laplacian is symmetric we have    


By multiplying (1) by we obtain 


Therefore the harmonic mode oscillates at constant frequency also in the nonlinear 
Kuramoto model.

·θ = ω − σB[1] sin B⊤
[1]θ

u⊤
harm ∝ 1T

L[0] = B[1]B⊤
[1]

u⊤
harmB[1] = 0

u⊤
harm

d⟨uharm, θ⟩
dt

= ⟨uharm, ω⟩



Topological signals

We associate to each  

n-dimensional simplex 𝛼 a phase 𝝓𝛼  

For instance for n=1 we might associate to each link a oscillating flux


The vector of phases is indicated by 

ϕ = (…, ϕα…)⊤



Topological synchronisation
We propose to study the higher-order Kuramoto model


defined as 


where is the vector of phases associated to n-simplices


and the topological signals ad their  internal frequencies are indicated by 


with the internal frequencies

·ϕ = ω̂ − σB[n+1] sin B⊤
[n+1]ϕ − σB⊤

[n] sin B[n]ϕ,

ω̂α ∼ 𝒩(Ω,1)

ω̂ = (…, ω̂α…)⊤

ϕ = (…, θα…)⊤



Topologically induced  
many-body  interactions

·ϕ[12] = ω̂[12] − σ sin(ϕ[23] − ϕ[13] + ϕ[12]) − σ [sin(ϕ[12] − ϕ[23]) + sin(ϕ[13] + ϕ[12])],
·ϕ[13] = ω̂[13] + σ sin(ϕ[23] − ϕ[13] + ϕ[12]) − σ [sin(ϕ[13] + ϕ[12]) + sin(ϕ[13] + ϕ[23] − ϕ[34])],
·ϕ[23] = ω̂[23] − σ sin(ϕ[23] − ϕ[13] + ϕ[12]) − σ [sin(ϕ[23] − ϕ[12]) + sin(ϕ[13] + ϕ[23] − ϕ[34])],
·ϕ[34] = ω̂[34] − σ [sin(ϕ[34]) − sin(ϕ[13] + ϕ[23] − ϕ[34])],



Linearised Dynamics
The linearised dynamics is dictated by the Hodge-Laplacian


The harmonic component of the signal oscillates freely


The other modes freeze asymptotically in time 


·ϕ = ω̂ − σL[n]ϕ,



In the Topological Kuramoto model the 
dynamics of the synchronised state  

is localised on the  
-dimensional holes 

 

The free dynamics is localised on harmonic components 

n

d⟨uharm, ϕ⟩
dt

= ⟨uharm, ω̂⟩



The harmonic mode of the 
non-linear Kuramoto model

Let us now study the full nonlinear Topological Kuramoto equation


 (2)


Let us consider any harmonic eigenvector  of the Hodge Laplacian 
. 


Since Hodge decomposition applies    


By multiplying (2) by we obtain 


Therefore the harmonic modes oscillate at constant frequency also in the 
nonlinear Topological Kuramoto model.

·ϕ = ω̂ − σB[n+1] sin B⊤
[n+1]ϕ − σB⊤

[n] sin B[n]ϕ,

u⊤
harm

L[n] = B[n+1]B⊤
[n+1] + B⊤

[n]B[n]

u⊤
harmB[n+1] = u⊤

harmB⊤
[n] = 0

u⊤
harm

d⟨uharm, ϕ⟩
dt

= ⟨uharm, ω̂⟩



If we define a higher-order Kuramoto model on  

n-simplices,  

(let us say links, n=1) a key question is: 

What is the dynamics induced  

on (n-1) faces and (n+1) faces? 

i.e. what is the dynamics induced on nodes and triangles?



Projected dynamics on  
n-1 and n+1 faces

A natural way to project the dynamics is to use the 
incidence matrices obtaining 

ϕ[+] = B⊤
[n+1]ϕ

ϕ[−] = B[n]ϕ

Discrete curl

Discrete divergence



Projected dynamics on  
n-1 and n+1 faces

Thanks to Hodge decomposition, 


the projected dynamics 


on the (n-1) and (n+1) faces 


decouple

·ϕ[+] = B⊤
[n+1]ω̂ − σL[down]

[n+1] sin(ϕ[+])
·ϕ[−] = B[n]ω̂ − σL[up]

[n−1] sin(ϕ[−])



Proof
Starting from the Topological Kuramoto dynamics





We apply  to both sides of the equations getting for 




Using  we get


 


A similar derivation holds for getting the equation for 


·ϕ = ω̂ − σB[n+1] sin B⊤
[n+1]ϕ − σB⊤

[n] sin B[n]ϕ,

B⊤
[n+1] ϕ[+] = B⊤

[n+1]ϕ·
ϕ[+] = B⊤

[n+1]ω̂ − σB⊤
[n+1] sin B⊤

[n+1]ϕ − σB⊤
[n+1]B

⊤
[n] sin B[n]ϕ,

B⊤
[n+1]B[n+1] = Ldown

n+1 , B⊤
[n+1]B

⊤
[n] = 0

·
ϕ[+] = B⊤

[n+1]ω̂ − σLdown
[n+1] sin ϕ[+]

ϕ[−]



Simplicial Synchronization 
transition

R[+] =
1

Nn+1

Nn+1

∑
α=1

e ϕ[+]
α𝕚 𝕚R[−] =

1
Nn−1

Nn−1

∑
α=1

e ϕ[−]
α



Order parameters using the 
n-dimensional phases

R =
1
Nn

Nn

∑
α=1

e ϕα𝕚



Order parameters using the 
n-dimensional phases

R↑ =
1
Nn

Nn

∑
α=1

e ϕ↑
αR↓ =

1
Nn

Nn

∑
α=1

e ϕ↓
α𝕚 𝕚

ϕ↓ = Ldown
[n] ϕ ϕ↑ = Lup

[n]ϕ

R
↑

R
↓



Only if we perform  

the correct topological filtering  

of the topological signal  

we can reveal higher-order topological  synchronisation



Explosive topological 
synchronisation

We propose the Explosive Topological  Kuramoto model 


defined as 


·ϕ = ω̂ − σR[−]B[n+1] sin B⊤
[n+1]ϕ − σR[+]B⊤

[n] sin B[n]ϕ



Projected dynamics
The projected dynamics on 


(n+1) and (n-1) are now coupled 


by their order parameters

·ϕ[+] = B⊤
[n+1]ω̂ − σR[−]L[down]

[n+1] sin(ϕ[+])
·ϕ[−] = B[n]ω̂ − σR[+]L[up]

[n−1] sin(ϕ[−])



The explosive  
simplicial synchronisation transition
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Order parameters 
associated to n-faces
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Higher-order synchronisation 
on real Connectomes

Homo sapiens Connectome 

C.elegans Connectome
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Coupling topological signals 
of different dimension
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Explosive synchronisation of 
globally coupled topological signals

·ϕ = ω̂ − σR[+]
1 R0B⊤

[n] sin B[n]ϕ

−σR[−]
1 B[n+1] sin B⊤

[n+1]ϕ

·θ = ω − σR[−]
1 B[1] sin B⊤

[1]θ

NGF s=-1 d=3 Simplicial  
Configuration model



Annealed solution on 
random networks

The annealed solution  
captures  

the backward transition 

Reveals that the transition  
is discontinuous 

Gives very reliable results  
for connected networks 
that are not too sparse   

Poisson network Power-law network



Solution on a fully 
connected network

Fully connected  
networks undergo 
a discontinuous  

synchronisation transition 
of topological signals  

defined on nodes and links 

The hysteresis loop 
is driven by finite size effects



Global synchronisation of 
topological signals on 

simplicial and cell complexes



Cell complexes

12 Series Name

and in general open d-dimensional cells are topological spaces homeomorphic
to an open ball. Therefore 0-dimensional cells are nodes, 1-dimensional cells
are links, and therefore do not di�er from 0-dimensional and 1-dimensional
simplices. However 2-dimensional cells includes m-polygons such as triangles
(2-dimensional simplices), squares, pentagons ect. Similarly 3-dimensional
cells includes the Platonic solids, such as tethrahedra (3-dimensional simplices),
cubes, octahedra, dodecahedra, and icosahedra (see Figure 5). Interestingly in
dimension d = 4 the regular polytopes are more than in dimension d = 3 (being
6), but for any dimension d > 4 there are only three types of regular (convex)
polytopes: the simplex, the hypercube and the orthoplex.

A cell complex K̂ has the following two properties:

(a) it is formed by a set of cells that is closure-finite, meaning that every cell is
covered by a finite union of open cells;

(b) given two cells of the cell complex ↵ 2 K̂ and ↵0 2 K̂ then either their
intersection belongs to the cell complex, i.e. ↵ \ ↵0 2 K̂ or their intersection
is a null set, i.e. ↵ \ ↵0 = ;.

In this book we will discuss mostly the properties of simplicial complexes
however in a number of places we will refer to results applying to more general
cell complexes.

2.2 Generalized degrees of simplicial complexes

For networks a key local structural property is the degree of the nodes. The
degree of a node characterizes only the local structure of the network around the
node, its number of interactions. However the statistical properties associated
with the degree are instead important global properties of the network that
can significantly a�ect its global dynamics as in the case of scale-free degree
distributions [1]. It is therefore natural to desire to extend the notion of degrees
also to simplicial complexes. The generalized degrees [12, 29, 39] are the
fundamental combinatorial properties describing the structure of simplicial
complexes. Interestingly, in simplicial complex not only nodes can be associated
to a generalized degrees, but also links and higher dimensional simplices can be
associated to their generalized degrees.

GENERALIZED DEGREES AND FACET SIZES

The generalized degree [12,29,39] kd,m(↵) of a m-dimensional simplex ↵
indicates the number of d-dimensional simplices incident to the m-simplex
↵.



Global synchronisation  
on graphs



Uncoupled dynamics of 
identical node oscillators

Consider coupled identical oscillators defined on the nodes, 
captured by the 0-cochain  with value  on 
each node  .


In absence of interactions these nodes obey the same 
dynamics


with arbitrary non-linear function 


X ∈ C0 xi ∈ ℝd

i

f(x) .

dxi

dt
= f(xi)



Global synchronisation  
on graphs

Consider the coupling of the oscillators implemented with the 
graph Laplacian leading to the coupled  dynamics


with arbitrary non-linear functions .


The global synchronisation is a state in which


f(x), h(x)

xi = xj ∀i, j ∈ Q0(𝒦)

dxi

dt
= f(xi) − σ∑

β

[L[0]]ij h(xj)



Global synchronisation 
state of topological signals

The global synchronisation is a state in which





The coupled  dynamics 





admits always a global synchronisation state in which all the node haves 
the same dynamics. 

In fact  the harmonic eigenvector of the graph Laplacian is constant 
 

xi = xj ∀i, j ∈ Q0(𝒦)

dxi

dt
= f(xi) − σ∑

β

[L[0]]ij h(xj)

uharm ∝ 1



Master Stability Function 
for graphs

• The Master Stability Function establishes the dynamical 
conditions ensuring the stability of global synchronisation.


• It depends on the non-zero spectrum of the graph 
Laplacian.


• It is based on an expansion around a stable solution of the 
uncoupled dynamics.



Global synchronisation  
of higher-order topological 

signals



Uncoupled dynamics of 
topological signals

Consider coupled identical oscillators defined on the -simplices, 
captured by the -cochain  with  and values  
on each -simplex  .


In absence of interactions these simplices obey the same dynamics


 To insure invariance of the uncoupled equations upon change of 
orientation of each simplex we must impose  that  is an odd 
function, i.e. .


n
n X ∈ Cn n > 0 xr ∈ ℝd

n r

f(x)
f(x) = − f(−x)

dxr

dt
= f(xr)



Proof
Consider the uncoupled dynamics


Upon change of orientation of the simplex  we have .


Therefore the dynamics becomes 


Imposing invariance of the dynamics under this change of 
orientation implies that the function  must be odd, i.e.  




r xr → − xr

dxr

dt
= − f(−xr)

f(x)
f(x) = − f(−x) .

dxr

dt
= f(xr)



Coupled identical 
topological signals

• The coupled dynamics obeys


• where in order to ensure invariance under change of 
orientation of the simplifies  should be an odd 
function.

h(x)

dxr

dt
= f(xr) − σ∑

β

[L[n]]rq h(xq)



Global synchronisation 
state of topological signals
Recall that for higher order topological signals, the signs of 

the signal is determined by the orientation of the simplex, i.e. 



For instance a positive sign of an edge flux is relative to the 
orientation chosen for that edge.


It follows that the state of global synchronisation is a 
state in which 

x(αr) = − x(−αr)

xr = urx̄ with ur ∈ {1, − 1} ∀r ∈ Qn(𝒦)



Global topological 
synchronisation

• It follows that the coupled dynamics


• can lead to global synchronisation  only if the kernel of the 
Hodge Laplacian  admits an eigenvector  with elements 
of constant absolute value. 

• Therefore for identical higher-order oscillators there are not 
only dynamical but also topological constraints to global 
synchronisation

L[n] u

dxr

dt
= f(xr) − σ∑

q

[L[n]]rq h(xq)



Topological conditions for  
global synchronisation

• Assume  is a vector of elements .


• Global synchronisation can only happen if there is one such vector  in 
the kernel of the Hodge Laplacian .


• Therefore we must have 


• This implies that:


• On simplicial complexes topological signals of odd dimension can 
never achieve global synchronisation 

• Cell complexes of any dimension can achieve global 
synchronisation overcoming topological obstruction

u |ur | = 1

u
L[n]

B[n]u = 0, u⊤B[n+1] = 0



Topological constraints for 
global synchronisation
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<latexit sha1_base64="67uvF2Zy0QWi4R3Y6/uuzuXubws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/7Xr9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE175KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpaFxWvVqneVUv16yyOPJzAKZTBg0uowy00oAkEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+hTo+k</latexit>

c(1)1

<latexit sha1_base64="hGkOPpqcfFVk+PDvJDG3L0PnBhA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i0o+l</latexit>

c(1)2

<latexit sha1_base64="f3KcoAKkEYA9aiXUrFwjUhqlFGQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFvUkBS8eK9gPadeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuJKs0ieW/GMfUFHkgWMoKNlR7IY1r2Tie9816x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0zyreRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQEPAMr/DmKOfFeXc+5q05J5s5hD9wPn8ApFaPpg==</latexit>

c(1)3

<latexit sha1_base64="Tf06emSeSWXQordfXYwqLbx2+2g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+l2o+n</latexit>

c(1)4

<latexit sha1_base64="yTR0Q2oWGO5eNNieI25sx/i1a3I="></latexit>

B2 =

✓�1
�1
1
1

◆

<latexit sha1_base64="W0zPXhG89PQi1f4Xmopz/fv1+SM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUoq6EUrduKxgH9CGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jJM1Cq2cYOJxzL/fe40WMSmVZX0ZpZXVtfaO8Wdna3tndM/cPejKMBSZdHLJQDDwkCaOcdBVVjAwiQVDgMdL3ZjeZ338gQtKQ36t5RJwATTj1KUZKS655VLPP83c2CpCaen7STt3GteWaVatu5YB/iV2QKijQcc3P0TjEcUC4wgxJObStSDkJEopiRtLKKJYkQniGJmSoKUcBkU6SH5DCU62MoR8K/bmCufqzI0GBlPPA05XZlnLZy8T/vGGs/CsnoTyKFeF4MciPGVQhzNKAYyoIVmyuCcKC6l0hniKBsNKZVXQI9vLJf0mvUbcv6s27ZrXVLuIog2NwAmrABpegBW5BB3QBBil4Ai/g1Xg0no03431RWjKKnkPwC8bHNyPBlDk=</latexit>

(1, 1, 1, 1)B2 = 0

<latexit sha1_base64="is3r8ZYzeD4kpM7iEMExeCXr0Lo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2vX6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i1o+l</latexit>

c(2)1

<latexit sha1_base64="KwXN3vB75cO8+iCgGHki3Rqat+8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2q/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8ApFqPpg==</latexit>

c(2)2

<latexit sha1_base64="b+sBcHUxchug3itkypZe91QsAQA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mtRT1JwYvHCvZD2rVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRvDfjmPoCDyQLGcHGSg/kMS1Vzia9816h6JbdGdAy8TJShAz1XuGr249IIqg0hGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKrGg2k9nB0/QqVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o7wNwVt8eZk0K2Xvoly9qxZr11kcOTiGEyiBB5dQg1uoQwMICHiGV3hzlPPivDsf89YVJ5s5gj9wPn8Apd6Ppw==</latexit>

c(2)3

<latexit sha1_base64="uBNx6Mc+2rPxjQGfQC64YonhPBQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2a/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8Ap2KPqA==</latexit>

c(2)4

<latexit sha1_base64="XbNAd5Ni+Gen4CAv5K62blgr15A=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyG+DhJwIvHCOYhyRpmJ7PJkJnZZWZWCEu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1M/dYTVZpF8t6MY+oLPJAsZAQbKz2Qx7RUOZv0znuFolt2Z0DLxMtIETLUe4Wvbj8iiaDSEI617nhubPwUK8MIp5N8N9E0xmSEB7RjqcSCaj+dHTxBp1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjPI2BG/x5WXSrJS9i3L1rlqsXWdx5OAYTqAEHlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnGzmCP7A+fwBqOaPqQ==</latexit>

c(2)5
<latexit sha1_base64="cCXje7DxL9f/dxKocp93+Fco1tM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktpXqSghePFeyHtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387a+sbm1nZuJ7+7t39wWDg6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuJKs0ieW8mMfUFHkoWMoKNlR7IY1qqXEz7tX6h6JbdOdAq8TJShAyNfuGrN4hIIqg0hGOtu54bGz/FyjDC6TTfSzSNMRnjIe1aKrGg2k/nB0/RuVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o7wNwVt+eZW0KmWvVq7eVYv16yyOHJzCGZTAg0uowy00oAkEBDzDK7w5ynlx3p2PReuak82cwB84nz+qao+q</latexit>

c(2)6

<latexit sha1_base64="TxUgsItDuvQq58603w9ImJOtkyo="></latexit>

B3 =

0

@
1
�1
1
�1
1
�1

1

A

<latexit sha1_base64="lduRrt0It/fR7VifxpGFFcokS+8=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoIGVGi7oRSt24rGAf0A5DJs20oZkHSUYoQxdu/BU3LhRx60e482/MtEW09YTA4Zx7ufceL+ZMKsv6MpaWV1bX1nMb+c2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8DrzW/dUSBaFd2oUUyfA/ZD5jGClJdcslOyTn3fcDbAaeH5aG7tnV5ZrFq2yNQFaJPaMFGGGumt+dnsRSQIaKsKxlB3bipWTYqEY4XSc7yaSxpgMcZ92NA1xQKWTTo4YoyOt9JAfCf1DhSbq744UB1KOAk9XZlvKeS8T//M6ifIvnZSFcaJoSKaD/IQjFaEsEdRjghLFR5pgIpjeFZEBFpgonVteh2DPn7xImqdl+7xcua0Uq7VZHDkowCGUwIYLqMIN1KEBBB7gCV7g1Xg0no03431aumTMeg7gD4yPb+W+lRw=</latexit>

(1, 1, 1, 1, 1, 1)B3 = 0



Master Stability Function for 
simplicial and cell complexes
• The Master Stability Function establishes the dynamical 

conditions ensuring the stability of global synchronisation.


• It depends on the non-zero spectrum of the Hodge 
Laplacian.


• It should account for the possible degeneracy of the zero 
eigenvalue (a dimension of the kernel greater than one)


• It is based on an expansion around a stable solution of the 
uncoupled dynamics.



Global Topological 
synchronisation 

• On cell complexes forming square 
lattices topological signals of any 
dimension can achieve global 
synchronisation


• On simplicial complexes topological 
signals of odd dimension can never 
achieve global synchronisation

Carletti, Giambagli, Bianconi (2022)



Properties of global synchronisation 
of  topological signals

• The globally synchronised state is aligned with an harmonic 
eigenvector of the Hodge Laplacian, i.e. requires 
topologies with  holes that span the entire simplicial or 
cell complex.


• Since the Hodge Laplacian has an harmonic space with 
dimension given by the Betti number, the same simplicial or 
cell complex can sustain different globalised states (see 
tori)



Example of manifolds sustaining 
global synchronisation

-dimensional hypersphere


Betti numbers


n

β0 = βn−1 = 1
βk = 0 for 0 < k < n − 1

-dimensional torus (cell complex)


Betti numbers


n

βk = (n − 1
k )

Synchronisation of -dimensional  
topological signal

(n − 1) Synchronisation of any -dimensional  
topological signal

k



Higher-order structure and dynamics
Higher-order 

networks

Simplicial 
 Topology

Simplicial 
Geometry

Higher-order 
dynamics

Combinatorial 
Statistical 
 Properties



Lesson III: 
Topology and higher-order dynamics

Spectral properties of the Laplacians 

Diffusion 
• Heat diffusion on graphs 
• Higher-order diffusion of topological signals 

Topological Kuramoto model 
• The Kuramoto model on graphs 
• The Topological Kuramoto model 

Global synchronisation of topological signals  
• Global synchronisation ongraphs  
• Global synchronisation on simplicial and cell complexes  
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