LTCC — Special Functions and Applications
Mock exam 202526

1. Recall that the Jacobi polynomial of degree n is defined to be

a a+1), —n, n+a+pf+11—x
Péﬂ)(g;);%zp’l( a+15 = )’

where « > —1 and § > —1.

(a) Show that u,(z) = P\*”(z) solves the ODE

_j_x <p($)dz—f>> = \ow(z)u, (),

That is, if m # n then

1
/ (1— 2)°(1 + 2)° PP () PO (2) d = 0.
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Hint: first show that
d ;

— 45 PN un(@)u, (@) = un (@), (2)}) = (A = An)w (@)t (2)un(2)-
2. Show that if u(z,t) = w(z), z = & — ct is a travelling wave solution of the KdV
Up + 6UUy + Uppy = 07
then w satisfies an ODE of the form
(w')? +2(w — o) (w = B)(w —7) =0,

where «, 8 and «y are constants. Assuming that «, § and ~ are real and that a < g < 7,
show that the ravelling wave solution is given by

1

1/2
U(wat)=6+(’y—ﬁ)cn2{[5(7—04)] [w—2(&+6+7)t+xo];k},

where z( is an arbitrary constant and cn is the Jacobi elliptic function with modulus

v—p

k= .
v«




3. Suppose that the Riemann matrix B has a block diagonal structure

B
b= (0 1?3) ’
where B and B are m x m and n x n matrices respectively. Show that
0(z|B) = 0(2| B)6(2|B),
where z = (21,...,2,)%, 2= (21,...,2m) and 2 = (Zpi1, - - -, 24)-

4. Show that the Baker-Akhiezer function

o(u —u; — x)e™®

o(u—uy)o(uy +x)’

P = (p(u), ¢ (u)).

Y(P) =¢(x; P) =

satisfies the Lamé equation (—02 + 2p(x + uy)) ¥(x; P) = Mp(x; P), with A = p(u). Here
©, ¢ and o are the Weierstrass functions defined in lectures. You may use the identity

rty+z=0 = ((2)+ @)+ =)+ @)+ ) +(2)° =0.
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