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Exercise 1 (25 points).

(a) Let µ = N (m0, σ
2
0) and ν = N (m1, σ

2
1) be Gaussian probability measures on R and consider

the quadratic cost c(x, y) = 1
2 |x − y|2. Explicitly compute the optimal transport map T .

Compute the optimal transport cost.

(b) Assume that µ, µ are probability measures on R2 such that

µ = N2

((
0
0

)
,

(
1 0
0 1

))
, ν = N2

((
−1
1

)
,

(
5 3
3 2,

))
and consider the quadratic cost c(x, y) = 1

2 |x− y|2 between them, where we recall that | · | is
the Euclidean distance. For each of the following maps, say whether it is (or not) an optimal
transport map between µ and ν and why.

(i) T1 : R2 → R2 given by

T1(x) =

(
−1
1

)
+

(
2 1
1 1

)
x;

(ii) T2 : R2 → R2 given by

T2(x) =

(
2 1
1 1

)
x;

(iii) T3 : R2 → R2 given by

T3(x) =

(
−1
1

)
.

Exercise 2 (20 points).

(a) Given a, b ∈ [0, 1] with a+ b = 1 and t < s consider µ := aδt+ bδs as a probability measure on
R, and let ν be the uniform probability measure on the interval [−1, 1]. Compute W2(µ, ν)
and find the values of a, b, t, s for which this distance is minimal.

(b) Consider now a two-dimensional analogue of the previous situation: µ := aδ(t,0) + bδ(s,0) is
a probability measure on R2, and let ν is the uniform probability measure on the square
[−1, 1]2. Again, compute W2(µ, ν) and find the values of a, b, t, s for which this distance is
minimal.
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Exercise 3 (20 points).

Let M+(X) be the set of non-negative measures on X, and let P(Y ) be the set of probability
measures on Y . We consider the partial optimal transport problem between µ ∈ M+(X) with
1 < µ(X) < +∞ and ν ∈ P(Y ), defined for some cost c : X × Y → R by

(KPP) = inf
γ∈Γ−(µ,ν)

∫
c dγ,

where Γ−(µ, ν) = {γ ∈ M+(X × Y ) with marginals πX and πY | πX#γ ≤ µ and πY #γ = ν}.

(Note that for α, β ∈ M+(X), α ≤ β means that for all functions u in the set C0(X) of continuous
functions on X, we have u ≥ 0 =⇒

∫
udα ≤

∫
udβ.)

(a) Prove that (KPP) ≥ (KPD) where

(KPD) = sup
(u,v)∈C0(X)×C0(Y )

u⊕v≤c, v≤0

(∫
u dµ+

∫
u dν

)

(b) Recalling that for v ∈ C0(Y ), vc(x) = infy∈Y (c(x, y)− v(y)), prove that

(KPD) = sup
v∈C0(Y )

(∫
min(vc, 0) dµ+

∫
v dν

)
.

(c) Let Y = Y ∪{y∞} where y∞ /∈ Y is an arbitrary point, let ν = ν+α δy∞ where α = µ(X)−1,
and let c : X × Y → R defined by c|X×Y = c and c(x, y∞) = 0 for all x ∈ X.

Using an explicit bijection between Γ(µ, ν) and Γ−(µ, ν), prove that (KPP) = (KP), where
(KP) is the “standard” optimal transport problem

(KP) = min
γ∈Γ(µ,ν)

∫
X×Y

cdγ.

Exercise 4 (20 points).

Consider the Coulomb cost C(x, y) = 1/|x− y|, x, y ∈ R. Assume that µ is the uniform proba-
bility measure on [0, 1]. Find the optimal transport map from µ to µ.

[Hint: You may want to use in your proof the functions u(x) = 2 − 4
∣∣x− 1

2

∣∣ and v(y) =

2− 4
∣∣y − 1

2

∣∣ as a guess for the Kantorovich potentials.]

Exercise 5 (15 points).

Assume that µ and ν have pdfs f and g respectively, both with support on [0, 1]. Show that

W 2
2 (µ, ν) ≤

∫ 1

0

|f(x)− g(x)|dx.

[Hint: You may want to use in your solution the Kantorovich-Rubinstein Theorem.]
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