
LTCC — Special Functions and Applications

Exam 2025–26 — Both questions are compulsory

1. The Tzitzéica equation,
utt − uxx = eu − e−2u, (1)

has applications in nonlinear optics, quantum field theory and differential geometry.

(a) Show that equation (1) has a travelling wave solution of the form u(x, t) = v(z),
where z = x− ct, if and only if w(z) = ev(z) satisfies
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where k is a constant. From now on we will assume that |c| < 1.

(b) Show that there are real constants α and β such that under the transformation
w(z) = αW (Z) and Z = βz, equation (2) becomes(
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where P (W ) = W 3 − kW 2 − 1
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(c) Show that if k < −3/2, then P (W ) has three real roots, two negative and one
positive. Show that if k > −3/2, then there is only one real root. (Hint: consider
the critical points of P .)

(d) Assume that k < −3/2 and label the roots of P (W ) as e1 > 0 > e2 > e3. (There
is no need to find these roots!). Show that the general form of the travelling wave
solution to equation (1) in this case is
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where z0 is a constant. (Hint: Let W (Z) = e3 + γY (Z)2, for some constant γ.)

2. (a) Recall that the (generalised) hypergeometric series is given by
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Show that
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(b) Explain why there are constants α and β such that
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(c) Assume that Re(c) < 1. Show that

α =
Γ(a+ b− c+ 1)Γ(1− c)
Γ(a− c+ 1)Γ(b− c+ 1)

and find β. You are not required to find the simplest form for β.


