Theory of Linear Models
Exam Question

April 2026

The following data on a response variable Y were collected from a small
observational study with explanatory variables X;, X5, X3 and X}.

X1 Xo X3 Xy Y
53 0 65 11.8 225
62 0 46 10.8 194
5.8 1 23 81 246
12.2 1 77 199 241
10.0 0 9 109 343
11.1 0 101 21.2 36.0
8.3 1 45 128 319
5.4 1 88 142 384

The proposed model is

E(Y;) = Bo + Brz1i + Powa; + P3x3i + Patai,

with ¥;s uncorrelated and V(Y;) = o2

1. Express the model in matrix form, i.e. write down the design matrix X
and the vector of parameters f3.

2. Find the rank of the matrix X. You can do this by hand or by computer.

3. Explain how to obtain a generalized inverse of X'X. You may use a
computer for numerical calculations but must explain your method..

4. Using your generalized inverse, compute a least squares estimator.
Clearly describe the steps taken.



5. Show that (31 is not estimable. [Note that if you use a computer, zero
vectors might not be identically zero.|

6. Show that 6 = (1 + 28, + B4 is estimable and find its least squares
estimate 6. [Note that if you use a computer, zero vectors might not
be identically zero.|

7. (Slightly harder, but still by hand.) The columns of X are linearly
dependent. Find a non-zero vector a € R® such that Xa = 0 and use
it to reparameterize the model in terms of four identifiable parame-
ters yo, 71, Y2, v3 (give an explicit model for E(Y;) in terms of the 7’s).
Express the corresponding least squares estimates in terms of B and
evaluate them numerically.



