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Overview	of	the	course	

Day	1	
•  Introduc0on	to	mul0layer	networks	and	applica0ons	
•  Structure	of	mul0layer	networks		
•  Genera0ve	models	

Day	2	
•  Robustness	of	mul0layer	networks	
•  Message	passing	equa0ons	for	percola0on	in	
mul0layer	networks	

•  Diffusion,	epidemic	spreading	and	centrality	
measures	



The	func0on	of	many		complex	
technological	social	and	biological	systems		

depends	on	the	non-trivial	interac0ons		
between		

different	networks	



Interac:ng	Transporta:on	networks	

		Transporta-on	networks	are	
a	major	example	of	
interac-ng	networks.		

Here		
blue	lines	represent	
short-range	commu-ng	
flow	by	car	or	train		
the	red	lines	indicate	
airline	flow	for	few	
selected	ci-es	

Vespignani	Nature	2010	



Transporta:on	networks	

M.	De	Domenico,	A.	Solé-Ribalta,	S.	Gómez,	and	A.	Arenas	PNAS	(2014)	



Mul:plex	Network	



Mul:plex	Network	



Airline	mul:plex	network	

	Every	airline	company	is	a	layer	of		
the	mul0plex	network	

Cardillo	et	al.	Scien0fic	Reports	(2013).		



Diffusion	in	mul:plex	networks	

Interlinks	are	essen0al	for	diffusion	across	the	
layers	of	mul0plex	networks	 	

	For	high	diffusion	constant,	

	diffusion	is	faster	than	on	the	slowest	layer,	and	
eventually	can	yield	superdiffusion	

S.	Gomez	et	al.,	Phys.	Rev.	LeZ.(2013)		
Radicchi	&	Arenas,	Nature	Physics	(2013)			
M.	De	Domenico	PNAS	(2014)	



Interconnected	infrastructures	



Interdependent	infrastructure	networks	

	Complex	infrastructures	are	interdependent	and	
a	failure	in	one	network	can	generate	a	cascade	of	

failures	in	the	interdependent	networks	

Buldyrev	et	al.	Nature	2010	



Cascade	of	failure	events	at	the	
percola:on	transi:on	

Buldyrev	et	al.	Nature		



Nature	Physics	News	&	Views		



Redundant	interdependencies	

	If	a	node	is	interdependent	on	each	one	of	its	
replica	nodes,	the	more	layers	we	add	the	more	

fragile	is	a	network.	
	 If,	instead	interdependencies	are	redundant		

	and	a		node	is	the	Redundant	MCGC	if	at	least	
one	replica	node	is	ac0ve,		

	 then	more	layers	we	add	to	the	network	the		
more	robust	it	becomes	



Redundant	interdependencies	boost	
the	robustness	of	mul:layer	networks	

Radicchi	Bianconi	2016	



Mul:layer	networks		
encode	more	informa:on	than	

single	layers	
	Mul$layer	networks	are	not	equivalent		

to	a	larger	single	network	

Different	types	of	links		
describe	different	types	of	interac0ons,	

therefore	mul0layer	networks		
encode	more	informa0on	than		

their	single	layers	
taken	in	isola0on	



Interac:ng			
Social	networks	

Social	

networks	
are	interac-ng		

and	overlapping	
with	profound	

implica-ons	for	

community	
detec-on	

algorithms			

Y.Y.	Ahn	et	al.	Nature	2010	



Mul:plex	social	networks	

.		

Social	network	of	online	social	game	

Szell	et	al	.	PNAS	2010	



Mul:plex	community	structure	of	the	APS	
collabora:on	network	

APS	collabora0on	network	

First	layer	PACS	hierarchy	

									(10	layers)	

	 180,538	authors	of	the	American	
Physical	Society	papers	0ll	2014	with	less	
than	10	authors	

	 each	layer	describes	the	collabora0on	
network	in	a	general	field	of	physics	

Community	label	of	node	i	in	layer	α	

€ 

qi
α

J.	Iacovacci	et	al.	Chaos	2016	



Second	PACS	hierarchy	(66	layers)	



Network	between	the	layers	

J.	Iacovacci	et	al.	PRE	2015	



Financial	networks	



Trade	networks	



Systemic	risk	in	
mul:plex	financial	

networks	
Banking	mul0layer	in	Mexico	
•  (a)	exposure	from	

deriva0ves	
•  (b)	securi0es	cross-

holdings	
•  (c	)	foreign	exchange	

exposure	
•  (d)	deposits	and	loans	
•  (e)	combined	network.	

Poledna	et	al	(2015)	



Financial	mul:plex	network		
using	different	measures	of	

correla:ons	between	the	assets	

Musmeci	et	al.	(2016)	



Biological	networks	



transcription 
networks 

PROTEOME 

GENOME 

METABOLISM 

Bio-chemical 
reactions 

Protein 
networks 



The	present	of	network	biology:	
The	interactome	

The	interactome	integrates	

-Gene	regulatory	interac0ons	
-Protein	interac0ons	
-Metabolic	pathway	interac0ons	
-Kinase-substrate	interac0on	
-Signaling	interac0ons	

with	

-GWAS	databases	
-Online	Mendelian	Inheritance	of	Man	 Menche	et	al.	Science	2015	



Network	medicine		
depends	on	the	non-trivial	interac0ons		

between		
different	networks	

Menche	et	al.	Science	2015	



Mul:plex	networks	
and	gene	expression	datasets	

Li	et	al.	Plos	Computa0onal	Biology	2011	



Interac:ng	and	mul:plex		
Brain	networks	

The	brain	func0on	is	determined		
at	the	same	0me		
by		
the	structural	brain	network		
and		
the	func0onal	brain	network,		

Bullmore	Sporns	2009	

		



Mul:plex	Connectome	of	
C.	elegans	

Gap	junc:ons/Synapses		

V.	Nicosia	and	V.	Latora	PRE	(2014)	



Ecological	networks	

S	Pilosof,	MA	Porter,	S	Kefi	(2015)	



Mul:layers	networks	
In	order	to		

characterize,	model,	predict	and	control	
complex	systems		

we	need		to	characterize			

the	structure		
and	the	

	the	func0on		

of		

mul:layer	networks	



New	Review	ar:cles	on	Mul:layer	
Networks	



Mul:plex	Networks	

•  A	mul0plex	is	formed	by	a	set	of	
nodes	that	are	present	at	the	same	
0me	on	different	networks,	

•  A	mul0plex	is	formed	by	M	layers	(in	
the	figure	M=3)	

•  Each	layer	is	formed	by	a	network	
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Different	representa:ons	of		
the	same	mul:plex	network	



Representa:on	of	a	mul:plex	
A	mul0plex	network	of	N	nodes	formed	by	M	layers	

is	fully	specified	by		
M	adjacency	matrices	

		 with	α=1,	2,	…	M		
of		matrix	elements	

€ 

a[α ]

€ 

aij
[α ] =

1
0
⎧ 
⎨ 
⎩ 

if node i and node j are linked in layer α
otherwise



Supra-adjacency	matrix	
of	a	mul:plex	network	

			The	supra-adjacency	matrix	
includes	all	the	links	in	each	
layers	and	the	interlinks	

				It	indicates	if	a	node	i	in	
layer	α	is	connected	to	a	
node	j	in	layer	β	
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€ 

Aiα , jβ =
aij
[α ] if α = β

δ ij if α ≠ β

⎧ 
⎨ 
⎪ 

⎩ ⎪ 



Temporal	or		
mul:-slice		networks	

Temporal	networks	can	be	seen	as	a	mul0-slice	network	where	
	each	slice	is	a	temporal	snapshot		



Supra-adjacency	matrix		
of		temporal	networks	

			The	supra-adjacency	matrix	
includes	all	the	links	in	each	
layers	and	the	interlinks	

				It	indicates	if	a	node	i	in	
layer	α	is	connected	to	a	
node	j	in	layer	β	

€ 

Aiα , jβ =
aij
[α ] if α = β

δ ij if α = β − 1

⎧ 
⎨ 
⎪ 

⎩ ⎪ 



Network	of	networks	

Each	node	is	determined	by	
the	pair	of	label	(i,α)	
i=1,2,..,N	α=1,2,..,M	

Links	across	layers	are	
called	interlinks	

€ 

Aiα , jβ =
1 if (i,α ) and ( j,β) are linked
0 otherwise
⎧ 
⎨ 
⎩ 



Types	of	network	of	networks	

with	replica	nodes	 configura-on	model		



Types	of	network	of	networks	

			with	mul-ple	interlinks																					random	matching	of	the	nodes		



Conclusions	

	Most	complex	systems		
are	formed	by		

several	interac0ng	and	co-evolving	networks.	
In	order	to		

model,	predict	and	control		
complex	networks		

we	need	to	inves0gate	the	interplay	between	
	structure	and	dynamics	in		

Mul:layer	Networks			
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