Theory of Linear Models
Exam Question - Solution

Mock 2026
April 2025

The following data on a response variable Y were collected from an experiment with
explanatory variables X, X5 and X3.

X1 Xo Xj Y
-1 -1 -1 123
-1 -1 1 19.7
-1 1 -1 143
-1 1 1 139

1 -1 -1 46

1 -1 1 5.7
1 1 -1 22
1 1 1 81
0 0 0 194
o 0 0 15
o 0 0 1.1
0O 0 0 197

The proposed model is the second order response surface model (including a constant)
with Y;’s uncorrelated and V(Y;) = o

1. Express the model in matrix form, i.e. write down the model matrix X and the
vector of parameters 3.



oI, where

E(Y)=Xg and V(Y)
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2. Find the rank of the matrix X.

and 3

It is immediately obvious that columns 1-5 and 8-10 are linearly independent, but

the 6th and 7th are equal to the 5th. Hence rank(X) = 8.

3. Find a generalized inverse of X'X.
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Then
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X'X+X'X

and

(X'X) =(X'X+X'X)"!
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(Hint: Use the generalized inverse of X'X.)

~

4. Find a least squares estimator [ of 5.



(Vi + Yo+ Vs + Y+ Y5+ Yo+ Yo+ Yo+ Yo+ Yig+ Vi + Yio |
Ys+Ys+Yr+Ys Y1 —Yo—Y3-Y)
Ys+Yi+Yr+Ys—Y1 Yo - Y5V
Yo+ Yi+Ys+Ys Y1 —-Y3-Y5 -V,
Yi+YVo+Ys+Y,+Ys+Ys+ Y+ Y5
Vi+YVo+Ys+Y+ Y +Ys+ Yo+ Y5
Vi+Yo+Ys+Yi+Ys+Ys+Yr+ Y5
Vi+Yo+Yr+Ye—Ys -V, —Y;5—Y5
Vi+Ys+Ys+Ys—Yo Y, -Y; -V,
Vi+Yi+Ys+Ys—-Yo Y3 Y5 -7

(Yo + Yio + Yi1 + Vi) /4
(YVs+Ys+Yr+Ys— Y — Yo — Y3 —Y))/8
(Ys+ Y, + Y, +Ys =Y — Yo — Y5 — Y5)/8
(Ya+Yi+Ye+Ys— Y1 —Y; — Y5 —¥7)/8
0.0417(Y1 + Yo + Y3 + Yy + Y5 + Y6 + Y7 + ¥5) — 0.0833(Yo + Y1 + Y11 + Y12)
0.0417(Y1 + Yo + Y3 + Yy + Y5 + Yo + Y7 + Yg) — 0.0833(Yy + Yo + Y11 + Y12)
0.0417(Y1 + Yo + Y5 + Yy + Y5 + Y5 + Y7 + Yg) — 0.0833(Yy + Yio + Y11 + Y1)
Y +Yo+ Y, +Ys =Yy =Y, — Y5 —Y5)/8
(Y4 Ys+Ys+Ys— Y, -V, — Y5 —Y7)/8
(Yi4+Yi+Ys+Ys— Y, — Y5 — Y5 —Y7)/8

XY =

5. Show that (33 is not estimable.
11 =B, where ¢ =[000000 100 0]. Hence

I—(X'X) X'X =

O O OoOwhwiFwi— O O O O

O OO OO OO o oo
O OO OO O oo oo
O O OO OO o oo
O OO DD OO oo oo
O O OwrwFwInN D O O O
|
O O OwWFWNWI-EF O O O O
O OO OO OO o oo
O OO OO OO o oo
DO OO OO OO OO

and so {I —(X'X)"X'X}=[0000 —

% % % 00 0] # 0, so P33 is not estimable.
6. Show that AQ = (11 + P22 + P33 is estimable and find the form of its least squares

estimator 6 and its observed value.




0 = B, where ¢ = [0 00011100 0. Hence c{/ — (X'X)"X'X} =
000000000 O0], so# isestimable. 6 = ¢ = (Y1 + Yo+ Ys +Y, + Y5 +
Ye + Y7+ Y5)/8 — (Yo + Yio + Y11 + Yi2)/4. This has observed value —0.325.

. Find the variance of 6.

V(0) = 02 (X' X)"c = 302/8.

. Write down the form of a 100(1 — a))% confidence interval for 6.
A 100(1 — a)% CI for 0 is

é + t4;1_a/2\/ 382/87

where s? is the residual mean square.



